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EDITORIAL

Combining Information about ... Combining Information

Michael R. Powers’

Forecasting and Estimation
Conventiond methodsof statistical inference rely on the fundamental concept of a
randomvariable — a mathematical quantity characterized by two propeties. (1) asample space
of posible values, and (2) adistribution fundion describing therelative likelihoodsof these
values. In mathematical shorthand, onewrites
X~F(x|!)
to mean tha therandomvariable X hasdistributonfundion F(!), where theindex x spansthe

domain of thesample space, and the paameter 6 isused to specify which particular fundion

F(!) (outof animplicitly undestood family of such functiong is assodiated with X . (For
example, we may take X ~ F (x|! 2) to mean tha X hasanomal distribution with unknown

mean 6 and known variance ¢°.)

If oneknows something about ! , buthas not observed therandomvariable X, then one
can use thedistribution fundion F(!) to characterize what values X islikely to take —tha is, to
forecag X. (For example, if /' denotesthemean of X, then ! itself may represent a
reasonably goodguessof X.) Ontheother hand, if onehas observed oneor more random

variables X, butdoes notknowthevaueof ! with certainty, then onecan use theobsrved
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value(s) of X to characterizewha value ! islikely to have —that is, to estimate 6. (In this
case, if I denotesthemean of X, then X may represent areasonaly goodguess of 6.)

Given an ordered sequence of randomvariables, X, X,,..., oneactudly can aternae

between forecasting and estimation, beginning with the forecasting step if oneis a Bayesian
statistician, and beginning with the estimation step if oneis afrequentist statistician. In other

words, a Bayesian, equipped with a prior estimate of 8 (which we denote by 6,), can make an
initial forecast of X, ; then, after observing X, , the Bayesian can updde higher estimate of / to
0,, use this new estimate to make aforecast of X,, andso on. A frequentist, onthe other hand,
possesses no prior information about 6, and so cannot make an initial forecast of X, ; however,
as soonas he'sheobserves X, , thefrequentist can form an estimate of / (denoted by 6,), use
this estimate to make aforecast of X, , and so forth.

To compare these two processes, consder the case in which X, ~ F, (/6,67 are
indegpendent randomvariablesfor i =1,2,..., andthesatistician isinterested in computng an
estimate 6, based upona minimum mean-squared-error criterion['] Interrupting both processes

jud after X, hasbeen observed andtheestimate / , calculated, we find that the Bayesian

employs
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(assuming that he/'she possesses the prior nomal distribution / ~ F (/]/,,"?), where both /

and /* are known), whereas the frequentist employs
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(assuming tha he/sherequires the estimator to beunbiased). Clearly, these two estimates are
very similar, with bath based upontheidea of forming alinear combination of theobservations

X, and X, usngweightstha are inversely propottiond the observations respective variances.
In the Bayesian case, theprior mean, !, issimply included as an additiond “observation”

whos contribution vanishes as the prior variance, ! %, approachesinfinity.
Actuarial Credibility

In actuarial science, either of the aboveapproaches can be used to handle routine
problems of estimation. However, given limitationson loss daa (especially commonin the
propeaty-liability insurance sector) actuaries often are faced with the problem of combining
observationstha are, in some sense, qualitatively different. That is, the observationsmay arise
notonly from very different loss distributions butalso from structurally different modding
assumptions This settingisformalized in the credibility problem, where two independent

observationswith commonmean ! are observed: Xg, drawn fromafamiliar and well-specified

sanpling distribution, Fs(x|! ); and X, drawn from aless familiar and/or more complex
collateral distribution, F. (]! ).

Toillugrate, suppo® tha an actuary working for company ABC wishes to estimate the
expected pure premium (i.e., expected averageloss pe insured exposure unit, denoted by 0) for
automobile-insurance propety clamsin 2009 usng both:

o thesampled observation X, representing ABC’ s automobile-insurance propety pure

premium in 2008 (adjugted for inflation and other economic factors); and



e thecollatera observation X ., representing the corresponding pure premium from company
XYZ, amuch larger competitor of ABC' s (also suitably adjuged).
While onecan modd thefirst observation smply as

Xg=!+ "5,
where £, isarandomvariable with mean O tha accounts for thefluctuaionin ABC's claims
dunng 2008,the second observation mug bemodded as

Xo =1+ +

XYZ 1

where €3, isarandomvariable with mean O tha accounts for thefluctuaionin XYZ's claims

during 2008,and &y, isarandomvariabletha captures thefluctuaion between ABC's

expected pure premiumand XY Z’ s expected pure premium during 2008 Thus notonly isthe

distribution of &%, different fromtha of /% ., butalso thedistribution of ! 5y, may notbewell
108

known. For example, even if themean of / ,,, isassumed to be0, theactuary may not possess a
very goodestimate of its variance.
Bayesian Approach

To estimate ! unde theBayesian paradigm, onecan apply therighthand side of
equéion (1) in either of two ways. (a) by setting / , = X and X, = X (inwhich case one
smply assumestha no X, hasbeen observed); or (b) by setting X, = X, and X, = Xg (inwhich
case onedtill mug provideavaluefor ! ;). While either procedure is statistically valid, actuaries

typically have preferred theformer interpretation because of the quditative difference between

X. and X, ; tha is, they have treated the collateral observation, X., asthe prior mean because

its originsare so different from those of X. This particular typeof Bayesian andysis, in which



theprior mean is based uponobserved daarathe than subjective judgment, is know as empirical
Bayes estimation.

Historically, the Bayesian credibility problem provided strongmotivationfor early
research into empirical Bayes methodsin statistics (see Morris, 1983) and ranksalongsdethe
classical ruin modd as a prominent example of an actuarial problem with subgantia influence
onother disciplines. Furthermore, it isimportant to note tha the actuaries empirical-Bayes
contribution was reciprocated by the statisticians development of rigoroustheoretical resultsto
judify expressionssuch astherighthand sdeof equaion (1). Specifically, Ericson (1969

1970)provided sufficient conditionson the sampling distribution Fs(x|! ) andtheprior

distribution £, (!) for thepaticular linear form in equation (1) to hold, and Diaconis and

Ylvisaker (1979)provided the assodated necessary conditions
Frequentist Approach

Interestingly, while theintellectud exchangebetween statistics and actuarial science has
been mutudly enrichingin the Bayesian context, the same cannotbe said for thefrequentist
paradigm. Perhgposbecause therighthand side of equaion (2) does not provide a sufficient

notationd distinction between the sampled observation, X, = X, andits collateral counerpart,
X, = X, thereis not much of an actuarial tradition for the approach implied by equation (2).

Indead, the predomnant frequentist approach to the credibility problem, known as the*limited-
fluctuaion” method,is based uponthefollowing confidence-interval procedure (see, e.q.,
Klugman et a., 2004:

e Sdect acceptable parameters k € (0,1) (closeto 0) and ! " (0,1) (closeto 1), and solve for

the smallest nunber of insured exposure units, n*, such tha
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e Compute theestimator of 6 as
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where wg :,J%t n ¢ _,and n istheactud number of insured exposures undelying X;.
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n

In short, the limited-fluctuaion method embodes such great disdan for the collatera

obrvationtha it seeksto drop X, entirely fromtheanaysis as soonas the minimum threshold
n isattained. Furthermore, because of its built-in distrugt of X, themethodrelies exclusively
on an assessment of the statistical accuracy of X, rather than on a more meaningful comparison

of thetwo observations relative accuracies. Thisleadsto two rather obvious and related,

logical shortcomings (&) any improvementin thequdity of X ., no matter how great, has no
effecton ! . ; and (b) aslongas n>n’", theobservation X. mus becompletely disregarded,
even thoughthere remainsinaccuracy in 6, tha could bereduced by incorporating X.. Rather

surprisingly, this flawed approach continues to beinduded on the examination syllabi of thetwo
major professiond actuarial sodetiesin North America (see, e.g., Casudty Actuaia Sodety,
2008)

Thedevelopment of the limited-fluctuaion method, having occurred in isolation from
maingream frequentist statistics, standsas testimony to theimportance of cross-fertilization
between research disciplines. To wha extent frequentist statistics has been harmed by this
isolationis undear.

Interestingly, an important frequentist estimator involving nomally distributed samplesis

the Graybill-Deal (GD) statistic (see Graybill and Deal, 1959)



# 1 & # 1 &

% "2 (_( ) % 2 (_(n)
Voo = U ( X + %2 ( XK,
%i+ 1 ( 0/0—1 + 1 (

2 M2 "2 M2
$ 1 2 $ 1 2

where X}, X, ,,..., X, ~Fy (x|! 1) and X,,,X, .-, X, ~FN(x|! 2) are two independent

. =(n 1 L
randomsamples with unknown parameters ! , o7, and / 2, and X :H! X, and
i j=1

[k :;)# (Xile " )_(i(”'))2 fori=1,2. Thesimilarity of the GD estimator to tha in

=1
equdion (2) isunmistakable, and yet this quantity israrely —if ever —discussed in the actuarial
literature. Thisisunfortunae, because the question of whether or notthe GD estimator is
statistically adnissible[?] againg mean-squaed error is oneof thegreat unlved problemsin
statistics ... and it would benice to know tha actuarial researchers are working on thisand

similar problems.
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[Y] The mean-squared error of the estimator I , based upon the sample X, isdefined as MSE[!A] = Ex gf " )2 Oé.

[?] An estimator I isadmissible against mean-squared error if and only if there exists no alternative estimator /
suchthat MSE[/ |" MSE|/ ] for all possible values of the parameter ! , and MSE[8] < MSE[é] for at least one
vaueof ! .



