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EDITORIAL 

Combining Information about … Combining Information 

Michael R. Powers* 

Forecasting and Estimation 

Conventional methods of statistical inference rely on the fundamental concept of a 

random variable – a mathematical quantity characterized by two properties:  (1) a sample space 

of possible values, and (2) a distribution function describing the relative likelihoods of these 

values.  In mathematical shorthand, one writes 

X ~ F x !( )  

to mean that the random variable X  has distribution function F !( ) , where the index x  spans the 

domain of the sample space, and the parameter !  is used to specify which particular function 

F !( )  (out of an implicitly understood family of such functions) is associated with X .  (For 

example, we may take X ~ FN x ! ," 2( )  to mean that X  has a normal distribution with unknown 

mean !  and known variance ! 2 .) 

If one knows something about ! , but has not observed the random variable X , then one 

can use the distribution function F !( )  to characterize what values X  is likely to take – that is, to 

forecast X .  (For example, if !  denotes the mean of X , then !  itself may represent a 

reasonably good guess of X .)  On the other hand, if one has observed one or more random 

variables X , but does not know the value of !  with certainty, then one can use the observed 
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value(s) of X  to characterize what value !  is likely to have – that is, to estimate ! .  (In this 

case, if !  denotes the mean of X , then X  may represent a reasonably good guess of ! .) 

Given an ordered sequence of random variables, 
 
X1,X2,… , one actually can alternate 

between forecasting and estimation, beginning with the forecasting step if one is a Bayesian 

statistician, and beginning with the estimation step if one is a frequentist statistician.  In other 

words, a Bayesian, equipped with a prior estimate of !  (which we denote by !0 ), can make an 

initial forecast of X1 ; then, after observing X1 , the Bayesian can update his/her estimate of !  to 

!1 , use this new estimate to make a forecast of X
2
, and so on.  A frequentist, on the other hand, 

possesses no prior information about ! , and so cannot make an initial forecast of X1 ; however, 

as soon as he/she observes X1 , the frequentist can form an estimate of !  (denoted by !1), use 

this estimate to make a forecast of X2 , and so forth. 

To compare these two processes, consider the case in which X
i
~ F

N
x !,"

i

2( )  are 

independent random variables for 
 i = 1,2,… , and the statistician is interested in computing an 

estimate !i  based upon a minimum mean-squared-error criterion.[1]  Interrupting both processes 

just after X2  has been observed and the estimate ! 2  calculated, we find that the Bayesian 

employs 
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(assuming that he/she possesses the prior normal distribution ! ~ FN ! ! 0,"
2( ) , where both !

0
 

and ! 2  are known), whereas the frequentist employs 
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(assuming that he/she requires the estimator to be unbiased).  Clearly, these two estimates are 

very similar, with both based upon the idea of forming a linear combination of the observations 

X1  and X2  using weights that are inversely proportional the observations’  respective variances.  

In the Bayesian case, the prior mean, ! 0 , is simply included as an additional “observation” 

whose contribution vanishes as the prior variance, ! 2 , approaches infinity. 

Actuarial Credibility 

In actuarial science, either of the above approaches can be used to handle routine 

problems of estimation.  However, given limitations on loss data (especially common in the 

property-liability insurance sector) actuaries often are faced with the problem of combining 

observations that are, in some sense, qualitatively different.  That is, the observations may arise 

not only from very different loss distributions, but also from structurally different modeling 

assumptions.  This setting is formalized in the credibility problem, where two independent 

observations with common mean !  are observed:  XS , drawn from a familiar and well-specified 

sampling distribution, FS x !( ) ; and X
C

, drawn from a less familiar and/or more complex 

collateral distribution, FC x !( ) . 

To illustrate, suppose that an actuary working for company ABC wishes to estimate the 

expected pure premium (i.e., expected average loss per insured exposure unit, denoted by ! ) for 

automobile-insurance property claims in 2009, using both: 

• the sampled observation X
S
, representing ABC’s automobile-insurance property pure 

premium in 2008 (adjusted for inflation and other economic factors); and 
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• the collateral observation X
C

, representing the corresponding pure premium from company 

XYZ, a much larger competitor of ABC’s (also suitably adjusted). 

While one can model the first observation simply as 

XS = ! + " ABC
08 , 

where !ABC
08  is a random variable with mean 0 that accounts for the fluctuation in ABC’s claims 

during 2008, the second observation must be modeled as 

XC = ! + " XYZ
08 + #XYZ

08 , 

where !XYZ
08  is a random variable with mean 0 that accounts for the fluctuation in XYZ’s claims 

during 2008, and !XYZ
08  is a random variable that captures the fluctuation between ABC’s 

expected pure premium and XYZ’s expected pure premium during 2008.  Thus, not only is the 

distribution of !XYZ
08  different from that of !

ABC

08 , but also the distribution of ! XYZ
08  may not be well 

known.  For example, even if the mean of !
XYZ

08  is assumed to be 0, the actuary may not possess a 

very good estimate of its variance. 

Bayesian Approach 

To estimate !  under the Bayesian paradigm, one can apply the right-hand side of 

equation (1) in either of two ways:  (a) by setting !
0
= XC  and X1 = XS  (in which case one 

simply assumes that no X2  has been observed); or (b) by setting X1 = XC  and X2 = XS  (in which 

case one still must provide a value for ! 0 ).  While either procedure is statistically valid, actuaries 

typically have preferred the former interpretation because of the qualitative difference between 

XC  and X
S
; that is, they have treated the collateral observation, XC , as the prior mean because 

its origins are so different from those of XS .  This particular type of Bayesian analysis, in which 
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the prior mean is based upon observed data rather than subjective judgment, is know as empirical 

Bayes estimation. 

Historically, the Bayesian credibility problem provided strong motivation for early 

research into empirical Bayes methods in statistics (see Morris, 1983), and ranks alongside the 

classical ruin model as a prominent example of an actuarial problem with substantial influence 

on other disciplines.  Furthermore, it is important to note that the actuaries’  empirical-Bayes 

contribution was reciprocated by the statisticians’  development of rigorous theoretical results to 

justify expressions such as the right-hand side of equation (1).  Specifically, Ericson (1969, 

1970) provided sufficient conditions on the sampling distribution FS x !( )  and the prior 

distribution F
P

!( )  for the particular linear form in equation (1) to hold, and Diaconis and 

Ylvisaker (1979) provided the associated necessary conditions. 

Frequentist Approach 

Interestingly, while the intellectual exchange between statistics and actuarial science has 

been mutually enriching in the Bayesian context, the same cannot be said for the frequentist 

paradigm.  Perhaps because the right-hand side of equation (2) does not provide a sufficient 

notational distinction between the sampled observation, X2 = XS , and its collateral counterpart, 

X1 = XC , there is not much of an actuarial tradition for the approach implied by equation (2).  

Instead, the predominant frequentist approach to the credibility problem, known as the “ limited-

fluctuation”  method, is based upon the following confidence-interval procedure (see, e.g., 

Klugman et al., 2004): 

• Select acceptable parameters k ! 0,1( )  (close to 0) and ! " 0,1( )  (close to 1), and solve for 

the smallest number of insured exposure units, n* , such that 
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Pr X
S
n
*( ) ! " # k"{ } # $ . 

• Compute the estimator of !  as 

!
LF

= 1" w
S( )XC

+w
S
X
S
, 

where wS =
1 if n ! n*

n
n*  if n < n*

"

#
$

%
$

, and n  is the actual number of insured exposures underlying X
S
. 

In short, the limited-fluctuation method embodies such great disdain for the collateral 

observation that it seeks to drop XC  entirely from the analysis as soon as the minimum threshold 

n*  is attained.  Furthermore, because of its built-in distrust of XC , the method relies exclusively 

on an assessment of the statistical accuracy of X
S
, rather than on a more meaningful comparison 

of the two observations’  relative accuracies.  This leads to two rather obvious, and related, 

logical shortcomings:  (a) any improvement in the quality of X
C

, no matter how great, has no 

effect on ! LF ; and (b) as long as n ! n* , the observation XC  must be completely disregarded, 

even though there remains inaccuracy in !LF  that could be reduced by incorporating XC .  Rather 

surprisingly, this flawed approach continues to be included on the examination syllabi of the two 

major professional actuarial societies in North America (see, e.g., Casualty Actuarial Society, 

2008). 

The development of the limited-fluctuation method, having occurred in isolation from 

mainstream frequentist statistics, stands as testimony to the importance of cross-fertilization 

between research disciplines.  To what extent frequentist statistics has been harmed by this 

isolation is unclear. 

Interestingly, an important frequentist estimator involving normally distributed samples is 

the Graybill-Deal (GD) statistic (see Graybill and Deal, 1959), 
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where  X1,1,X1,2,…,X1,n1
~ FN x ! ," 1

2( )  and  X2,1,X2,2,…,X2,n2
~ F

N
x ! ," 2

2( )  are two independent 

random samples with unknown parameters ! , !
1

2 , and ! 2
2 , and Xi

ni( )
=

1
ni

Xi , j
j =1

ni

!  and 

ˆ! i
2 =

1
ni ni " 1( ) Xi , j " Xi

ni( )( )2

j =1

ni

#  for i = 1,2 .  The similarity of the GD estimator to that in 

equation (2) is unmistakable, and yet this quantity is rarely – if ever – discussed in the actuarial 

literature.  This is unfortunate, because the question of whether or not the GD estimator is 

statistically admissible[2] against mean-squared error is one of the great unsolved problems in 

statistics … and it would be nice to know that actuarial researchers are working on this and 

similar problems. 
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[1] The mean-squared error of the estimator ˆ! , based upon the sample 

 
!

X , is defined as 
 
MSE ˆ![ ] = E

!

X
ˆ! " !( )2#$ %&. 

[2] An estimator ˆ!  is admissible against mean-squared error if and only if there exists no alternative estimator  !!  

such that  MSE !![ ] " MSE ˆ![ ]  for all possible values of the parameter ! , and 
 
MSE !![ ] < MSE !̂[ ]  for at least one 

value of ! . 


