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EDITORIAL

The Nature of Randomness:
Part 2 — Cognitive Constraints

Michael R. Powers*

This editorial is the second of a two-part discussion of randomness as it exists in nature
and as we perceive it. In the first part,['] I introduced the concepts of knowable complexity (KC)
— the amount of uncertainty that can be eliminated through any and all information potentially
available to the most privileged, persistent, and conscientious observer (whether or not such an
observer exists in practice); and unknowable complexity (UC) — the residual uncertainty that
cannot be dispelled by even the ideal observer. This was followed by a discussion of how
randomness may be defined in terms of the Kolmogorov-Chaitin concept of incompressibility.
In the present editorial, I explore whether or not it is possible in practice to distinguish between
the knowable complexity of compressible random variables and the unknowable complexity of
incompressible random variables.

Sim(ulated) Whim

There are many scientific applications in which researchers and practitioners find it
useful to simulate sequences of random variables. Examples range from computational methods
for solving numerical problems by restating them in probabilistic terms, to double-blind
scientific studies in which subjects are assigned randomly to test and control groups, to the
testing of business and emergency-management strategies under a variety of potential scenarios.

Although the random variables employed in these applications could be generated by physical
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processes — like tossing coins or rolling dice — such processes generally are too cumbersome and
time-consuming to be of practical use. Instead, researchers and practitioners typically use the
chaotic behavior of certain deterministic mathematical processes to create sequences of pseudo-
random variables (i.e., sequences that not only are characterized by KC, but also are “known” to
the observer ahead of time).

One of the most common techniques for simulating random numbers is the /inear
congruential generator (LCG), a simple example of which is the following:

R, =(5R +3) mod 16, where R, =1.

in

The above notation means that one solves iteratively for the (i +l)St random variable, R

o
terms of the i" random variable, R, given an initial “seed” value of R, =1. The notation “mod
16” simply means that after computing SR + 3, one divides this sum by 16 and keeps only the
remainder. Applying this LCG yields the following values for R through R,:
8,11,10,5,12,15,14,9,0,3,2,13,4,7,6, 1.

Unfortunately, the very next integer in the above sequence is R, = 8, which means that
our simple LCG begins to repeat itself after only sixteen numbers. In fact, cycling occurs with
all LCGs, although the length of the cycle may be made arbitrarily long (and is typically at least
2% digits in practice). Other problems with LCGs — such as serial correlations — are not so
easily remedied, and so more sophisticated methods are often employed.

A Clever Impostor

Now suppose that we would like to construct, very deliberately, an infinite sequence of
numbers that is as “incompressible-looking” as possible. (Keep in mind that we know, from
Chaitin’s impossibility result, that one cannot generate an infinite sequence that is actually

incompressible.[*]) To this end, simply using an LCR or other pseudo-random number generator
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will not suffice; after all, those methods are designed to simulate t7ue randomness, not random-
lookingness, and so it is reasonably likely that any given sequence produced by such a method
would contain highly patterned components, just as would any truly random sequence.

To be consistent with the previous editorial’s discussion of incompressibility, we will
work with sequences of independent coin tosses in which one side of the coin (“heads”, or the
obverse) is labeled with the number 1, the other side (“tails”, or the reverse) is labeled with the
number 0, and the probability of obtaining a 1 on a given toss is exactly 1/2. For any given
sequence length, n, we will seek the sequence that is least surprising (in the sense of surprise
defined in Powers, 2007¢)[*] among all sequences of length .

In applying the notion of surprise, we have to be careful in identifying the probability
function from which we “draw” our least-surprising random sequence. For example, setting
n=>5 yields a sample space of all 32 (=2°) possible sequences of Os and 1s of length 5 (i.e.,
00000, 00001, 00010, ..., 11111). If we consider the unconditional probability that any one of
these sequences occurs, then we see immediately that it must equal 1/32, and so each of the 32
sequences occurs with exactly the same probability. Under this model, both the highly patterned
sequence 00000 and the much less patterned sequence 10110 have the same surprise,

—log,(1/32) =5.0, counter to our desired objective.

One way to construct a probability function that distinguishes between more highly
patterned and less highly patterned sequences is to measure the statistical properties of a
sequence of N independent coin tosses in terms of various sample parameters, and then to give
greater weight to those sequences whose sample parameters are closer to their expected values.
For example, we could consider the sample mean, which, for a sequence of 5 coin tosses may be

written as



fi= (X1+X2+X3+X4+X5),

where X, =0 or 1 denotes the outcome of the i™ coin toss. Clearly, the expected value of I is
1/2 (which is also the expected value of any one of the X,), and so it would make sense for our
probability function to give more weight to those sequences such as 10110 and 00011 whose
sample means are close to 1/2 (3/5 and 2/5, respectively), than to sequences such as 00000 and
11111 whose sample means are far from 1/2 (0 and 1.0, respectively).

But using the sample mean is not enough, because we also want to give more weight to
those sequences whose Os and 1s are more convincingly “scrambled” (i.e., have fewer instances
of either long strings of identical outcomes, such as 00011 or 11100, or long strings of strictly
alternating outcomes, such as 01010 or 10101). Another way of saying this is that we wish to
favor sequences manifesting less structure from one term to the next — that is, less first-order

structure. A useful sample parameter in this regard is given by

),

whose expected value, like that of the sample mean, is 1/2. Extending this logic further, it is

31 = (|X2 _X1| +|X3 _X2| +|X4 - X3| +|X5 -X,

N

easy to develop analogous sample parameters, 52,33, and 34 to identify sequences possessing

less second-order structure, third-order structure, and fourth-order structure, respectively.

A A A

For any given positive integer N, the sample parameters p,61,02,..., and Sn—l may be
combined in a statistically appropriate manner to form a comprehensive summary statistic, Sn.[4]
The least-surprising sequence of length # is then found by choosing the value of X, (i.e., 0 or 1)
that minimizes S, given the least-surprising sequence of length n—1. This sequence begins as

follows:
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011101001000010000111110001111111111001011111011011001100110011110
1100011001101011101001000001001110....["]

Converting the sequence to a base-2 decimal yields
0.0111010010000100001111100011111111110010111110110110011001100111
101100011001101011101001000001001110.. .pase 2,

which is equivalent to the base-10 decimal
A =0.455142...[

Heuristically, the above process admits of the following interpretation: Suppose we
begin tossing a fair coin, and reveal the successive coin tosses to an observer, one at a time.
Assuming that we have some way of measuring the observer’s emotional reaction to each toss —
and that the observer is able to keep track of second-, third-, and higher-order structures just as
well as the first-order structure and overall mean — we would find that the sequence, O, 1, 1, 1, 0,
1,0,0,1,0, ... would seem less surprising to the observer than would any other sequence. Also,

we could think of the decimal " =0.455142... as representing the least-surprising selection of a

uniform random number drawn from the interval [O, 1). This number presumably balances the

expectation that such a random variable should be approximately 1/2 (the true mean) with the
expectation that it cannot be too close to 1/2 without appearing somewhat artificial.
A Brief Epistemology
Where do the above discussions lead with regard to our understanding of uncertainty, and
our ability to identify and respond to manifestations of risk? If we associate incompressible
sequences with UC, and compressible sequences with KC, then the preceding analyses cast a
shadow of doubt over statistical hypothesis testing, and indeed, over the entire approach to

human understanding known as the scientific method (see Powers, 2007a and 2007b).



Suppose we encounter an infinite sequence of observations, and wish to evaluate whether
it evinces KC or UC. Given Chaitin’s impossibility result, it is illogical to state the null
hypothesis as “the sequence is characterized by KC,” because that assertion could never be
rejected (since its rejection would imply that the sequence is incompressible, which cannot be
proved). On the other hand, if we were to state the null hypothesis as “the sequence is
characterized by UC,” but were confronted with observations from our least-surprising sequence,
then we would fail to reject the null hypothesis (i.e., commit a Type-2 error) with certainty,
regardless of the sample size, because the data would provide no evidence of underlying
structure.['] Although one might argue, quite reasonably, that the fotal absence of such structure
is itself a manifestation of structure, such “no-structure” structure could never be confirmed with
a finite number of observations.

In short, we must face the fact that no systematic approach to the study of randomness
can ever: (1) confirm a source of uncertainty as UC, or (2) confirm some sources of uncertainty
as KC without inevitably creating Type-2 errors in other contexts. These are the cognitive

constraints under which we operate.
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['] See Powers (2008).
[*] See Chaitin (2006).
[*] In other words, if p(X) denotes the probability that a given random variable takes on the particular value x, then

the surprise associated with the event x is given by §(X)=- logz( p(x)), where log,(*) is the base-2 logarithm

function.

4 . 1,\ 2 1 < 2
Specifically, S, =4|—(f-1/2)" +——{6,-1/2] +
1 specticatly, S, =4/ L (3-1/2)"+ (5,72 -

A~ 2 A 2
! 5 (62 - 1/2) +K + ((‘Snfl - 1/2) } Treating the sample

parameters [{,01,02,..., and dn1 as approximately independently distributed normal random variables, it can be
shown that §, is directly proportional to the base-2 logarithm of the likelihood function associated with the

“sample” u,01,02,..., and dn1, and so minimizing S, also minimizes the surprise associated with this “sample”.
[°] There is actually a second, “mirror-image” sequence that is just as unsurprising, which is formed by exchanging
the Os for s, and vice versa, in the specified sequence (i.e., 100010110...).

[°] Mathematical symbols are sometimes chosen for unusual reasons. Here, I’'m using lambda (" ) simply because,
as the eleventh letter of the Greek alphabet, it sits approximately 45.5142... percent of the way between alpha and
omega.

[’] To make this point formally, we would note that if the sample parameters 1,#,#:,K , and #.s are
approximately independently distributed normal random variables, then S, is an approximately x> random variable
whose values would never reject the null hypothesis for any reasonably small level of significance.



