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EDITORIAL

Intuition and Surprise

Michael R. Powers*

The Logic of Intuition

Thescience of risk, like al mathematical disciplines, ultimately rests uponafounddion
of intuition and metaphor. Informal expostions thisfoundaionis provided by a collection of
assumptionscalled axioms (Or postulates). While mathematical purists might deny tha such
fundamental statements need beintuitively plausble — arguing tha they are smply convenient
starting points from which theory can bederived — any theory arising from a set of axioms
withouta strongmetaphotical connection to basic human intuitionsis difficult to peddlein the
marketplace of ideas. Self-referentially, | would assert that “Metaphoris theanchor of belief.”[%]

An example of amathematical theory possessing a norrintuitive foundaionis possibility
theory, a“fuzzy” dternaive to traditiond probability theory based uponthedenial of Aristotle’s
law of the excluded middle (LEM).[]] A cornerstoneof formal logic, the LEM states that either
a proposition is true, or its opposite is true — thereis no third aternative. Equivalently, one
could say tha a proposition and its opposite cannot both be true.[’] Few assumptionswould
seem more unassuming and self-evident than the LEM; butavariety of interestingand
provocative techniques have grown out of its negdion.

Methodsdenying the LEM have been foundto be particularly ussful in contexts in which
it isdifficult to draw clear lines of demarcation between categories of entities, asin thedeection

of inaurance fraud, where onecannotseparate claims easily into two digoint and exhaugive
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categories — “fraudulent” and “legitimate” — because of variousintermediary cases. moral
hazard, oppotunistic fraud, litigiousess, etc.[*] Neverthdess, these approaches have notgained
great traction amongscholars, at least partly because they negae the highly intuitive LEM.
Two decades ago, British statistician Dennis Lindley staked out the (extreme) anti-fuzzy
postion as follows:[”]
... [P]robability is the only sengble description of uncertainty andis adequéae for
al problemsinvolvinguncertainty. All other methodsare inadequéae. ...
[A]nything that can be donewith fuzzy logic, bdief fundions uppe and lower
probabilities, or any other dternaive to probability, can better be donewith
probability ....
Whether or notLindey’s“clam” tha “probability istheonly sensble description of
uncertainty” will bejudged “legitimate” or “frauduent” by history remainsan open question.
But as a purely philosophical matter, | would oberve tha a propostion that deniesits opposte
(i.e, isconsstent with the LEM) seems more cogent than oneadmitting of self-contradiction.
The Intuition of Surprise
If thereis onething more intrigung and exotic than an unconventiond approach
violating intuitive assumptions it is an uncnventiond approach that ismore intuitive than its
orthodoxcounterpats. Intheworld of risk, onesuch rara avis isthenotion of surprise. Unlike
conaepts requiring an adjugment in our basic logical framework, surpriseissimply a
mathematica trandormation of probability, and therefore completely consstent with all

conventiond results of classical probability theory (and also not subject to Lindley’ s criticism).



Let p(x) denote theprobability (i.e. relative likelihoodor frequency) that a given

randomvariable takes onthe paticular value x. Then the corresponding surprise assodated

with theevent x isgiven by

s(x) = ~log (p(x))
where log, (") is the base-2 logarithm fundion [°]

Withoutddvinginto aformal derivation of surprise, | will make afew observations

regarding its propaties. First, we can seetha as p(x) takes onvaluesincreasing from0to 1.0,
s(x) takes on corresponding values decreasing from positive infinity to 0. Thus when a specific

event x isvery unlikely to occur, with aprobability approaching 0, its surprise becomes very
large, approaching infinity. Likewise, when a specific eventisvery likely to occur, with a
probability approaching 1.0, its surprise becomes very small, approaching 0. Findly, if x and y
are two indgpendent events from the same randomvariable, then the surprise assodated with

both x and y’soccurringis given by the sum of the surprise assodated with x and thesurprise
associated with y; i.e, s(x andy)=s(x)+s(y). These propaties correspondto intuitive notions

of howtheemotion of surprise should opeaate.

But thereal advantage of working with surpriseistha, in terms of metaphorical
founddions it isamore primitive conagpt than probability itself. Whereas thebasic motivation
for probability isthefrequency interpretation—tha is, theidea of alongrunrate with which a
particular event occurs amonga sequence of repeated indgpendent observations— surpriseis an
innge human emotion requiring no undelying suppostion of repeated trials. When something
occurs, we simply find it surprising or unsurprising in different degrees. In this way, the conaept

of surprise provides an elegant unification of the frequency and subjective interpretationsof



probability; probability asfrequency is atrandormation of surprise in the context of repeated
trials, whereas subjective probability isjus a generic trandormation of surprise.
Figures 1 and 2 reveal how easily surprise can be subdituted for probability in areal-

world application — the measurement of mortality hazard rates.[’]

Figure 1. One-Year Mortality Hazard Rate for One Individual (Ages 0 to 120)
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Source: Commissioners Standard Ordinary (CSO) Mortality Table (2001).



Figure 2. One-Year Mortality Hazard Rate for One Individual (Ages 0 to 120), Expressed as “Surprise”
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Source: Commissioners Standard Ordinary (CSO) Mortality Table (2001).

Onepaticularly striking aspect of Figure 2 isthenear linearity of the surprise hazard
curve; i.e., asan individud ages by oneyear, the surprise assodated with hisor he death
decreases by an almog congant amount While this approximate linearity may be explained

mathematically by thefact tha thelogaithm of the surprise trandormation roughly inverts the

exponential component of Makeham'sLaw, u(x) = a + be”™ [*] it also raises an intriguing

possibility: Could the emotion of surprise bea biological mechanism calibrated specifically to

recognize and assess the fragility of human life?



To place this question in abroader context, consder an alternative mathematical

trandormation of probability —the odds-against ratio — given by

6(x) = 1= p(x) .

p(x)

Thisfundionislikely somewhat familiar to thereader because of its ussfulnessin the context of

gambling. Basically, if onebetsadollar onan event with probability p(x), andif theoddsare
fair (andthe bookmeker takes no commission), then the appropriate payoff is 6(x). For

example, if theracehorse “ Grim Reape™” will win a given race with probability 1/4, then it

should pay off at oddsof % or 3-to-1.

Like surprise, the oddsagang ratio decreases from postive infinity to O asthe

probability increases from0 to 1.0. However, thetwo measures are distinctly different, since

6(xand y) = 6(x)+ 6(y) for all pairs of indgrendent events x and y. Figure 3 presentsthe

mortality hazard-rate data of Figure 1 usng conditiond oddsagang deeth rather than
conditiond probabilities. Interestingly, nowherein either theoriginad probability plot (Figure 1)
or theoddsagang plot (Figure 3) do we see thesimple linear behavior exhibited by the surprise

plot (Figure 2).



Figure 3. One-Year Mortality Hazard Rate for One Individual (Ages 0 to 120),Expressed as “Odds Against”
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More than smply anumerical curiogty, | bdieve this obervation admits of thefollowing
interpretation: In dealing with the mog seriousuncertainties of life, human bengsare not
congdructed to behave as detached andysts wielding probabilities, nor as reckless gamblers
chasing oddsagang ratios Rather, we are designed to be emotiondly engaged actors

ingincively employing themetric of surprise.
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['] Perhaps “Doubly self-referentially” would be more accurate, since the quotation is from Powers (2003).
[?] Possibility theory was developed by Lotfi Zadeh, the inventor of fuzzy logic, as an explicit aternative to
probability theory.

[*] This latter principle is called the law of non-contradiction.

[*] See, for example, Derrig and Ostaszewski (1995).

[°] See Lindley (1987).

[°] In Claude Shannon'’s information theory, the expected value of surprise, " # p(x) logz( p(x)) , denotes the

entropy of the associated random variable, and may be interpreted as the expected number of “bits of information”
available in one random observation.

[/] Figure 1 is taken from Figure 2 of Powers (2007).

[%] See Powers (2007).



