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EDITORIAL

Human Mortality: Written in the Stars?
Michael R. Powers'

Is curve-fitting a science? an art? or just wishful thinking? A thoughtful consideration of

the human mortality table provides some interesting insights.
The Mortality Table

The first comprehensive human mortality table was published in 1693 by British
mathematician and astronomer Edmond Halley. Using historical age-at-death records from the
Polish-German city of Breslau, Halley’s table permitted the British government to sell the
world’s first actuarially based life annuity products. Given the age-old connection of mortality
with concepts of fate and destiny, it is rather felicitous that the man who made the first scientific
prediction of a comet’s appearance — long considered a portent of good or bad fortune — should
also provide the first scientific analysis of the human lifespan.

There are numerous ways to portray the risk of human mortality graphically. One is to
look at a theoretical histogram of the time of death for a newborn baby selected at random from a
human population, as in Figure 1 below. Since death can occur at any time of the year, and at
any time of the day, it is most realistic to treat the time of death as a continuous variable, so that
the histogram is a continuous curve rather than a succession of vertical bars. In practice,
however, insurance and annuity companies often make the simplifying (albeit disquieting)

assumption that an individual’s death will occur on his or her birthday.
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Figure 1. Histogram of Age at Death for One Individual (Selected Randomly at Birth)
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Source: Commissioners Standard Ordinary (CSO) Mortality Table (2001).

Essentially, what Figure 1 shows is that the great majority of people born today will tend
to die in the age-band from 50 to 100, with the most likely single time of death (mode) at about
83 for men, and 88 for women. In addition, there is a much smaller, but noticeable, group of
individuals that will die within the first couple years of life, primarily because of life-threatening
congenital defects and disease vulnerabilities associated with infancy (e.g., cholera).

While a histogram answers the question, Whatistherelative likelihoodthata nevbom
will die at agex? it fails to address another fundamental question of interest, Whatis therelative
likelihoodthat anindividual at agex will diein the next year? Using Figure 1 to compare the
relative probably of death of a man at age 45 with that at age 100, one might be tempted to

conclude that they are approximately the same — after all, the height of the histogram is about the
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same at both ages. However, such an analysis fails to account for the fact that as X increases,
there are progressively fewer people subject to the risk of death. In other words, although the
histogram readings at 45 and 100 are approximately the same, we must adjust for the fact that
there are many fewer individuals still alive at age 100 than at age 45.

Since the 100-year-olds who die are members of a smaller and more elite club (i.e., those
who were lucky enough to survive to age 100), one naturally can conclude that the relative
likelihood that a 100-year-old will die is clearly greater than that of a 45-year-old. To show this
result graphically, it is necessary to transform the histogram to adjust for the number of
individuals alive at each age X. This is accomplished by dividing the value of the histogram at
each point X by the proportion of individuals that survive to at least X, to obtain the one-year

probability of death, or one-year “mortality hazard rate,”['] shown in Figure 2.
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Figure 2. One-Year Mortality Hazard Rate for One Individual (Ages 0 to 120)
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Source: Commissioners Standard Ordinary (CSO) Mortality Table (2001).
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From this figure, we can see quite clearly that the probability of death for a 100-year-old

is vastly (approximately 135 times) greater than it is for a 45-year-old. The mortality hazard rate

makes such comparisons quite easy. Overall, the mortality hazard rate decreases from age 0 to

age 5, and then appears to increase (at least monotonically) after that, assuming an exponential-

like growth beginning at about age 6. This general form tends to agree with intuition — the

higher risk of infant mortality decreases as the child grows out of infancy, and then increases

thereafter as a result of the human aging process (i.e., senescence). However, there is no

guarantee that that such a simple hazard curve will apply to every human population. For

example, in the United States, the male population’s mortality hazard rate actually decreases

over the short range from 28 to 31 as the dramatic difference between male and female mortality
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risk — which begins in the early teenage years, and is presumably attributable to higher crime and

accident rates among males — begins to subside. (See Figure 3.)

Figure 3. One-Year Mortality Hazard Rate for One Individual (Ages 0 to 50)

0.0035 4

a
a
0.0030 -
A
a
50.00257 °
3 A
[a] °
]
A
>
&= 0.0020 °
— A
-] °
B a s U.S. Male
o R ° * U.S. Female
o °
A
20.00157 . °
-] . °
s . o’
T A AL, A . [}
£ aa °
a
8 o.0010 | ‘AAAA“ -
a °
.
A ..
A ...
A o ©®
0.0005 & . ....oo°
°
.A AA ..
o A A..
0o psooeoe®
0.0000

0 5 10 15 20 25 30 35 40 45 50
Age

Source: Commissioners Standard Ordinary (CSO) Mortality Table (2001).

Natural Laws?

The smoothly increasing nature of the hazard function from a certain age (32 for males, 6
for females) onward has led many demographers and actuaries to posit that human mortality
follows a simple mathematical formula. Perhaps the most successful of these rules is
Makeham’s “Law”, proposed by British actuary William M. Makeham in 1867, which states that

the mortality hazard rate can be written as the sum of a constant term and an exponentially



increasing term; i.e., M( X) = a+ be™, where e = 2.7182¢ denotes the base of the natural

logarithm, and the constants a, b, and ¢ are to be estimated statistically from empirical data.
Although such a simplification of a complex process like human mortality is esthetically

attractive, we must be careful not to imagine the presence of an underlying “scientific” principle

where none exists. In this regard, one is reminded of the Titius-Bode “Law” from astronomy

(again, the stars!), which asserts that the average distance[*] from the Sun to the X" planetary

orbit in our solar system is given by 6(x) =0.4+0.3x2"*. While once considered scientifically

useful for having “predicted” the discoveries of the Asteroid Belt and the planet Uranus,[*] this

empirically based rule is now viewed as little more than a curiosity founded on coincidence.

(See Table I below.)
Table I. Comparison of Titius-Bode and Makeham “Laws”

Orbit Average Orbit | Titius-Bode | U.S. Female Mortality Makeham
Number, x Distance (AU) Estimate Age, x Hazard Rate Estimate
1 (Mercury) 0.39 0.55["] 10 0.00022 | 0.00030[°]
2 (Venus) 0.72 0.7 20 0.00047 0.00042
3 (Earth) 1.00 1.0 30 0.00068 0.00072
4 (Mars) 1.52 1.6 40 0.00130 0.00145
5 (Ceres) 2.77 2.8 50 0.00308 0.00325
6 (Jupiter) 5.20 5.2 60 0.00801 0.00768
7 (Saturn) 9.54 10.0 70 0.01781 0.01855
8 (Uranus) 19.19 19.6 80 0.04386 0.04528
9 (Neptune) 30.06 38.8 90 0.12192 0.11099

10 (Pluto) 39.48[%] 77.2 100 0.27573 0.27253

Source: Author’s calculations.
Two parallels between the Titius-Bode Law and Makeham’s Law are worth mentioning.
First, they take identical mathematical forms. Letting a=0.4, »=0.1%, and ¢ = In(2) ~0.6931,

the Titius-Bode formula can be rewritten as 6( X) = a+ be™, the same constant plus exponential

expression as in Makeham’s formula. Second, they both exhibit approximately the same degree
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of inaccuracy in terms of the number of values of X that are poorly estimated. Using the error

ratio

actual value — estimated value

b

estimated value
one can see from the shaded boxes that three of the planetary orbits, and three of the mortality
hazard rates, deviate from their estimates by more than 10 percent.

The lesson in all this, of course, is that one does not have to be dealing with matters as
funereal as death, or as ethereal as the solar system, to “discover” formal mathematical
relationships where none in fact exist. Such excessively hopeful applications of analytic
formulas abound in the study of insurance and other financial markets; and somewhat regretfully,

I must confess to being as optimistic as anyone else (see Powers and Shubik, 2006).
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['] It should be emphasized that the “mortality hazard rate” specified here is discrete in the sense that it describes the
probability of death within a short but fixed interval of time — in this case, one year. In practice, the term “force of
mortality” is used to describe the limiting probability of death within a continuous interval, as the interval’s length
shrinks to zero.

[*] This distance is expressed in “astronomical units” (AU), where 1 AU = the average distance of the Earth from the
Sun.

[*] The role of the Titius-Bode Law in the history of planetary discovery is intriguing for its irony. Although the
Law indicated the presence of orbits at the distances of both the Asteroid Belt and the planet Uranus, both the largest
asteroid (Ceres) and Uranus were discovered accidentally, without using the Titius-Bode Law to guide the search.
However, in the case of the planet Neptune, the Titius-Bode Law did assist in the planet’s discovery, despite the fact
that the Law predicts Neptune’s average distance rather poorly.

[*] As originally proposed by Titius and Bode, one must define 27" =0 for the case of Mercury, yielding the
estimated distance of 0.4 AU. This tactic, however, is essentially numerology. If one wants to fit Mercury
accurately within the framework of the Titius-Bode Law, then one needs to introduce a fourth parameter (i.e., an
additional parameter beyond &, b, and c).

[°] The Makeham estimates are based upon the equation (x) = a+ be™ with parameter values chosen to mimic the

approach of the Titius-Bode Law. First, I selected a=0.00022 judgmentally to match the mortality hazard rate at
age x =10 (comparable to the choice of a=0.4 for Mercury’s orbit in the Titius-Bode formula), and then solved for



the other two parameters, b =0.00003¢and ¢ =0.09, by statistical estimation (for simplicity, using semi-loglinear
regression).

[°] Note that the Titius-Bode Law works particularly well for the outer solar system if one is willing to overlook the
planet Neptune, and treat Pluto’s orbit as the ninth. A further irony here is that Neptune — a gas giant — is
unquestionably a planet in the same mold as the other gas giants (Jupiter, Saturn, and Uranus), whereas Pluto is no
longer considered a “real” planet because of its size, composition, and eccentricity of orbit.



