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EDITORIAL 

The Cramér-Rao Lower Bound on Variance: 

Adam and Eve’s “Uncertainty Principle” 

Michael R. Powers∗ 

Identifying one’s “ favorite”  mathematical formula is an amusing pastime for the 

symbolically inclined.  Such an assessment requires both a general familiarity with the 

mathematical sciences, as well as a developed sense of esthetics.  Ideally, the selected formula 

should possess an alluring combination of scientific universality and intrinsic elegance, qualities 

inevitably guided by subjective elements of the evaluator’s personality and experience. 

Probably the best-known favorite-formula candidate is Einstein’s     

!  

E = mc2  (which 

observed its centenary just last year).  Other obvious contenders are: 

    

! 

a
2 +b

2 = c
2  (Pythagoras’  theorem); 

  

!  

F = ma (Newton’s second law); 

    

!  

ei" +1= 0 (a special case of Euler’s equation); 

    

!  

" n( ) ~
dt

ln t( )2

n#  (Gauss’  prime number theorem); 

    

!  

S = k ln W( ) (Boltzmann’s equation); and 

      

!  

" x" p
x

# h

2
 (Heisenberg’s uncertainty principle).[1] 

However, my favorite mathematical formula is not on the above list.  Rather, it is a much less 

celebrated result from statistical inference known as the Cramér-Rao lower bound (CRLB): 
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In this expression,       
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X = X1, X2,K , X
n
 denotes a sample of independent random variables with 

common probability density function 
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, a quantity known as the Fisher information. 

Equations and inequalities are the metaphors of mathematics.  Thus, it is only natural that 

a beautiful formula, like a beautiful metaphor, often has the power to transcend its most 

straightforward interpretation.  Such is the case with the CRLB. 

Taken at face value, the CRLB provides a lower limit to the amount of variation in a 

statistical estimator.  Equivalently, it may be viewed as providing an upper limit,   

! 

I "( )  (the 

Fisher information), on the amount of information that can be “squeezed out”  of a random 

sample. 

But there is more – much more – to the CRLB than initially meets the eye.  Almost half a 

century ago, Stam (1959) showed that the CRLB could be used to derive Heisenberg’s 

uncertainty principle (HUP).[3]  In other words, Heisenberg’s famous formula is a special case of 

the CRLB.  More recently, Frieden (2004) has outlined a controversial theory of science – 

including economic and financial activity – based upon the notion of the exchange of 

information between nature and its observers.  The CRLB plays the central role in this theory. 

So if the CRLB is so important, and if it implies a result as counterintuitive as the HUP, 

why does it seem so mundane and intuitively plausible in its ordinary statistical context?  The 

answer is simple but intriguing:  The CRLB’s reputation suffers from the highly random nature 
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of the world around us.  Under different circumstances – i.e., in a more predictable, deterministic 

world – it would appear as remarkable as HUP. 

To see why this is, consider a “perfect”  world – say, the Garden of Eden with its two 

human inhabitants, Adam and Eve.  In the paradise of Eden, everything is provided for its 

denizens:  food, shelter, and good health.  Clothes are unnecessary because the weather remains 

constantly agreeable and the animals do not bite.  There is no disease, possibility of injury, or 

effect of aging, and so no chance of death.  In short, we assume that there are no risks or 

uncertainties whatsoever, at least macroscopically (i.e., on the scale of reality observable to 

human beings in the ordinary course of life). 

Suppose that one day, Adam and Eve discover a new fruit tree growing in their luscious 

garden.  Unlike the Tree of Knowledge (of which more will be said later), this new tree has not 

been forbidden to them.  However, there is one slight problem.  The tree is small, with few 

branches, and only one fruit.  Furthermore, the fruit itself is small – so small that Adam and Eve 

cannot easily divide it into two parts to share it.  So who gets to eat it? 

Our purpose here is not to resolve the couple’s dilemma, but rather to point out one 

solution that surely will not occur to them:  tossing a coin to see who gets to eat the fruit.  This 

solution is impossible because chance does not exist at the macro level in the Garden of Eden.  In 

other words, if Adam and Eve were to toss a coin, they unavoidably would determine the coin’s 

outcome (“heads”  or “ tails” ) by the mechanics of the toss, and thus foresee this outcome prior to 

its occurrence. 

Now fast-forward to a time when the inhabitants of Eden have developed sufficient 

technology to study some of the simplest phenomena of quantum physics.[4]  What is most 

dramatic about their encounter with the quantum world is not the discovery of HUP (or of other 
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counterintuitive phenomena, such as quantum entanglement[5]), but rather the more elementary 

observation that events at the quantum level are random in nature.  For Adam and Eve, who have 

no previous experience with the concept of randomness, this discovery in itself is profoundly 

counterintuitive. 

For the first time, the Edenites can simulate a truly random coin toss.  This may be 

accomplished by producing two equal-sized clumps of uranium (one labeled “heads”  and the 

other “ tails” ), and using Geiger counters to determine which clump is the first to emit an alpha 

particle.  While studying uranium, Adam and Eve begin to ask questions such as:  How many 

alpha particles per minute does one clump emit? and how long is the waiting time between 

particle emissions?  Strangely, they find no immediate answers to these queries. 

For example, consider the first question.  To discover the uranium’s alpha-particle 

emission rate, the natural thing to do is monitor the clump for one minute.  Let’s say this is done, 

and the total number of emissions is given by     

! 

X1.  Adam and Eve are quite happy with this result 

until they try the experiment again, and find a different outcome,     

! 

X2 " X1.  In our world, such an 

outcome is unsurprising, since we are used to the idea of collecting a sample of random 

observations, each of which is different.  But to the Edenites, it is quite bizarre – comparable, 

perhaps, to finding a fruit tree that grows both apples and oranges. 

Fearing that one of their two measurements is erroneous, Adam and Eve repeat the 

experiment a third time, obtaining     

! 

X
3
, which (for a sufficiently large clump of uranium) is 

different from both     

!  

X1 and 
    

!  

X
2
.  Carrying out the experiment   

! 

n  times, they obtain the vector of 

outcomes       

! 

X = X1, X2,K , X
n
, all of which, with a few exceptions, are slightly different from one 

another. 
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In the course of their experiments, the Edenites begin to detect a pattern:  while the 

values of the 
  

! 

X
i
 vary up and down, they tend to stay within a certain range; and this range can be 

described very nicely by the sample mean, 
    

! 

X n =
1
n

Xi
i=1

n

" , and the sample variance, 

    

! 

s
2 =

1
n

X
i
" X 

n( )
2

i=1

n

# .  The former quantity gives an idea of the “ typical”  value of 
  

!  

X
i
, and the 

latter reflects how widely dispersed the 
  

! 

X
i
 are.  After a while, a new view of reality begins to 

emerge in Eden – that each 
  

! 

X
i
 is a measurement of some underlying “ true”  mean 

!  

µ , inevitably 

made with some error,   

!  

" i = Xi #µ . 

In time, Adam and Eve discover the strong law of large numbers (i.e., 
    

!  

lim
n" #

X 
n

= µ  with 

probability 1), and know that for   

!  

X n to provide a good estimate of 

!  

µ , it suffices to increase the 

number of observations in the sample.  Then, somewhat later, they ask themselves just how big a 

sample is necessary to achieve a certain level of accuracy in their estimate, and discover the 

following bound: 
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This achievement generates a fair amount of excitement in Eden: 

Adam: The formula is extremely profound.  It puts a limit on how much knowledge we can 

ever have about the world around us. 

Eve: I agree.  But it looks so familiar, . . . I know I’ ve seen it somewhere before. 

Adam: Hmm.  Could it be the writing on that sign attached to the Tree of Knowledge, . . . just 

below the words ‘Keep Away’? 

Eve: That’s it!  Let’s go check it out. 
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Adam: But there’s an ugly snake there. 

Eve: So who’s afraid of snakes? 
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[1] Maxwell’ s equations also are prominent candidates, but since there are four of them, they were omitted from the 
list for the sake of brevity. 
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, which allows for biased estimators of 

! 

" .  The inequality also 

can be generalized to permit a vector (

! 

" ) of two or more parameters. 
[3] In its best-known setting, HUP applies to the joint probability distribution of the measurements of the position 

(  

!  

x) and the momentum (  

!  

px ) of a subatomic particle.  The inequality 
      

! 

"x"px #
h

2
 states that the product of the 

standard deviation of   

!  

x (i.e.,   

! 

"x ) and the standard deviation of   

! 

px
 (i.e.,   

!  

" px ) must be at least as big as the constant 

    

! 

h

2
 (  

!  

" 0.5273#10
$34  Joule-seconds).  Rather counterintuitively, this means that as the particle’s position is measured 

with increasing accuracy (i.e.,     

!  

" x # 0), the particle’s momentum must be measured with increasing uncertainty 
(i.e., 

    

!  

" px # 0 ), and vice versa. 
[4] This level of progress may take untold thousands of years to achieve because Adam and Eve, without access to 
the Tree of Knowledge, cannot discover a way to produce additional people to assist with their endeavors. 
[5] Quantum entanglement is a phenomenon occurring at the sub-atomic level in which the physical properties (e.g., 
“spin”) of two particles (A and B) exhibit statistical correlations suggesting that information about the outcome of an 
experiment performed on A travels instantaneously to the site of a separate experiment performed on B (in apparent 
violation of Einstein’s special theory of relativity). 


