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EDITORIAL

How Money Got Its Tall
(Not TooLight; Not Too Heavy; but “Ju st So”)

Michad R. Powers

The dedicated reader of these editorials will have noted a recent foray into theworld of
heavy-tailed asset-return distributons  Specificaly, in Powers (20099 and Powers (2009b) |
addressed the problem of developing a smple but appropriate risk measure for heavy-tailed (and
in paticular, Lévy-stable) returns In the present piece, | would like to condder an even more
fundanental issue Why do asset returnsevince heaw-tailed behavior in thefirst place?['] My
hopeistha, in amanne similar to theway evolutionay biologists (and other “Jug So”
storytellers) mightexplain “How Monkey Got His Tail,” it is possible to suggest how “Money” —
in theform of randomasset returns— gat its distributiond “tail”.

To beclear abouttherandomvariable unde discussion, let P, denote the market price of

oneshare of agiven exchangetraded asset at (discrete) time t —which may bemeasured in any

conveanient interval (seconds minutes, hours, etc.) —and consder the oberved return
In(R/P,,),
which is approximately equd to (R/P_,) -1 for valuesof R/P,, inasmall neighboihoodof

1.0.[’] We begin by posting asimple descriptive modd of asset-price formation; in other words

acharacterization of how P, isformed from P_, .
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Price Formation
Assume there are n tradersin themarket for a given asset, and tha each trader can bein

either of two states at any giventime: (1) holdingoneshare (“1”), or (2) holding no shares (*0”).
Now let nj,, and n! n,, denotetherespective nunbers of tradersin each of thetwo states at
timet! 1, and ddinethefollowingindicator variables:
1),,(0,1) equds 1if individud j in state“0” wishesto buy onesharea time t! 1, and
equds 0 otherwise,
1, (1,0) equds 1if individud k in state“1” wishesto sell onesharea time ¢! 1, and
equds 0 otherwise.
For purposes of studying the observed retum In(R, /P, ,), we will employ thefollowing
simple descriptive modd of price formation{?]

_ Tota Dollars Bid to Purchase Shares & time (t ! 1)
' Total Number of Shares Offered for Sdle a time (t ! 1)
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If oneassumesthat an individud trader’ sdecisionto buy or sell at time t —1 isgovened by a

randomprocess reflecting his or her private information, then it isreasonable to view
{1,(01);i=12....,n-n",} and {1}, (1,0):k=1.2.....n}, } & sequences of (not necessarily

indgoendent) Bernouli randomvariables with respective trandtion probabilities / 2, (for

- 1T
“Buyeas’) and ! 3, (for “Sellers’). Settmg!f.‘.lzW # 1).,(0,2) and
"1 j=1
~ 1 ntl"l .
IS, =—# 15,(1,0), we can write
"1 k=1



T L TR ——,

j=1 k=1
whee k = (n— n}_l)/nf_1 >0 istreated as a congant (at least for large t ).

In short, the aboveandysis pamits usto express the asset-return randomvariable as a

condant plusthe naural logof theratio of two Bernouli propations tha is,
In(R/Ry,)=In(")+In(W,,).
where W, ="% /"5 We nowlook more closely at therandomvariable W, , andits
implications
Ratio of Gaussians

In thesimplest case, {I,";l(O,l);j:L2,...,n—n,1_1} and{ f.(10)k=12,. ntl!l} are
mutudly indgpendenti.i.d. Bernouli sequences, meaning tha theindividud potential buye's |
and potential sellers k possess private-information sources that are entirely statistically
independent of oneanother. For sufficiently large n, the Bernouli propations/ 2, and /5,
will beindgpendent, approximately Gaussian random variables whose ratio is conaentrated
amos entirely onthe postive haf-ling, with righttail given by Pr{W,,, >w} ~C,w'* as
w — o andleft tail by Pr{W,, " w} ~C w asw— 0". (SeeFidler, 1932) Fromthesimple
trandormation ¥, , = In(W,,, ), it then follows that Pr{Y,, >y} ~C.e” asy! " and
Pr{Y,, "y} ~C.& asy! "#,sotha bothtalsof In(R/P,,)=In(")+Y,, aeapproximately
exponential.

These results can be generalized by permitting any dependence structure amongthe

Bernouli sequences {1/, (0,1);j =1,2,....,n-n_ } and {1,’:1(10) k=12,.. t.l} that causes



theBernouli propcrtionsfﬁl and !Aﬁl to become approximately bivariate Gaussian for large n.

For example, onemightassume tha private information is allocated separately to the sets of

potential buye's(j) and potentia sellers (k) inamanne similar to the“m-dependent”
sequences congdered by Chen (1975)and Hudon et al. (1989) If thebuyes and sdlers
separate information allocationsare statistically independent of each other, then !Aﬁl and éf‘_ 1
will tend to indgpendent Gaussian randomvariables; further conditionscould allow for non-zero
correlations Agan, theapproximately exponential tailsof In(R/P,,)=1n(")+Y,,, follow from
Fieller (1932.

Ratio of Betas

Naturally, theabovederivation of exponential tailsis somewha sugpect because the
Bernouli proportions!Aﬁl and /'S, arenat precisely Gaussian —and in fact are restricted to the
interval (0,1].[7] Asan alterndive, onemightconsder employing the beta(a,b) family, defined

ontheunit interval, to approximate these propations Thisfamily is paticularly flexible

because the polynomial form of its PDF,
7(1)=4 (a+0)/" ()" D)ms" (1 1),
for a>0 and b>0, providesawidevariety of possible shgpes.

If weassume /&, ~ beta(al,,bE, ) and /5, ~ beta(a’.,,b}, ) areindependent, then their
ratio, whose sample space is the postive hdf-line, posesses tails given approximately by
Pr{W,_, >w} ~Cw ™' asw—sco and Pr{W,_, <w} ~C w* asw— 0". (SeePhan-Gia,
2000) LettingY,,, =In(W, ), it then follows that, approximately, Pr{Y, , >y} ~Cre ™ as

y— oo and Pr{Y, " y} ~C ¥ as y— —; tha is, both tailsof In(R/P,,)=In(")+Y,, are



characterized by approximately exponential decay. Thisis similar to the Gaussian-ratio case, but
now themodd indudes two (possibly time-dependent) paameters: «’, and a;, .

Neither TooLight Nor Too Heavy
Themod striking aspect of theaboveandysisisthat thefinding of exponential tailslies
distinctly and congicuousy “in between” thelighttailed Gaussian assumption so commonly
(butunredlisticaly) employed in theoretical discussionsof asset returns and the heaw-tailed
Lévy-stable modd (for o < 2) bome outby many empirical studies. (See, e.g., Bidarkota and
McCulloch, 2004) Thisobservation yieldstwo implicationsof remarkable significance given
the parssmony of the simple price-formation modd employed (i.e., equéion (1)):
o theGaussian assumption provides a poor*“starting point” for asset-pricing modds (leaving
onerather puzzled by its historical popukrity); and
« empirically observed heavy-tailed behavior is likely theresult of time-dependent components

in theexponentia tail paameters, ¢”, and a),, (e.g., if these parameters were themselves

drawn fromundelying ganma distributions then each tail would follow a power law over
time).[?]
In sum, it seems reasonable to condudetha Money’stail istruly exponential in nature —
tha is, nather toolight nor too heavy. However, because of the unpredictable manne in which

Money iswontto wag itstail, onecannothdp attributing greater heaviness to theresulting blur.
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['] I would like to thank my Temple University colleague, James D. Delaney, for several enlightening discussions on
this topic.

[%] Of course, the random variables In(P /P, ) and (Pt/PH)—l have very different sample spaces, with the
former being an element of (! ," ), and the latter being an element of [! 1" ). Nevertheless, if P/P,, ishighly

concentrated around 1.0, then both In(F{/F{il) and (Pt/PH) —1 will be similarly concentrated around 0.

[*] Thisisasimplified version of amodel proposed by Powers et al. (2005), in which traders also may hold short
positions for single or multiple time periods.

[*] The lower bound of thisinterval is precluded for exchange-traded assets because the market maker must be
willing to provide at least one buyer [seller] at the current offer [bid] price.

[°] Along these lines, it is interesting to note that Powers and Smalling (2009) found that GARCH/L évy-stable
models perform reasonably well (under the Bayes Information Criterion) for a small set of U.S. stocks.



