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EDITORIAL 

How Money Got I ts Tail 

(Not Too L ight; Not Too Heavy; but “Ju st So”)  

Michael R. Powers* 

The dedicated reader of these editorials will have noted a recent foray into the world of 

heavy-tailed asset-return distributions.  Specifically, in Powers (2009a) and Powers (2009b), I 

addressed the problem of developing a simple but appropriate risk measure for heavy-tailed (and 

in particular, Lévy-stable) returns.  In the present piece, I would like to consider an even more 

fundamental issue:  Why do asset returns evince heavy-tailed behavior in the first place?[1]  My 

hope is that, in a manner similar to the way evolutionary biologists (and other “Just So” 

storytellers) might explain “How Monkey Got His Tail,”  it is possible to suggest how “Money”  – 

in the form of random asset returns – got its distributional “ tail” . 

To be clear about the random variable under discussion, let P
t
 denote the market price of 

one share of a given exchange-traded asset at (discrete) time t  – which may be measured in any 

convenient interval (seconds, minutes, hours, etc.) – and consider the observed return 

ln P
t
P
t ! 1( ) , 

which is approximately equal to Pt Pt!1( ) !1 for values of Pt Pt ! 1  in a small neighborhood of 

1.0.[2]  We begin by positing a simple descriptive model of asset-price formation; in other words, 

a characterization of how P
t
 is formed from P

t!1 . 
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Price Formation 

Assume there are n  traders in the market for a given asset, and that each trader can be in 

either of two states at any given time:  (1) holding one share (“1”), or (2) holding no shares (“0”).  

Now let nt ! 1
1  and n ! n

t ! 1
1  denote the respective numbers of traders in each of the two states at 

time t ! 1, and define the following indicator variables: 

I t ! 1
j
0,1( )  equals 1 if individual j  in state “0” wishes to buy one share at time t ! 1, and 

equals 0 otherwise; 

I t ! 1
k
1,0( )  equals 1 if individual k  in state “1” wishes to sell one share at time t ! 1, and 

equals 0 otherwise. 

For purposes of studying the observed return ln Pt Pt ! 1( ) , we will employ the following 

simple descriptive model of price formation:[3] 

Pt =
Total Dollars Bid to Purchase Shares at time t ! 1( )

Total Number of Shares Offered for Sale at time t ! 1( )  

= Pt ! 1 I t ! 1
j 0,1( )
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If one assumes that an individual trader’s decision to buy or sell at time t !1 is governed by a 

random process reflecting his or her private information, then it is reasonable to view 

 I t!1
j 0,1( ); j = 1,2,…,n! nt!1

1{ }  and 
 
I
t ! 1
k
1,0( );k = 1,2,…,n

t ! 1
1{ }  as sequences of (not necessarily 

independent) Bernoulli random variables with respective transition probabilities ! t " 1
B  (for 

“Buyers”) and ! t " 1
S  (for “Sellers”).  Setting ˆ! t " 1

B =
1

n " nt " 1
1 I t " 1

j 0,1( )
j =1

n" nt " 1
1

#  and 

ˆ! t " 1
S

=
1

nt " 1
1

I t " 1
k
1,0( )

k=1

nt " 1
1

# , we can write 
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It ! 1
j
0,1( )

j=1

n ! nt ! 1
1

" It ! 1
k
1,0( )

k=1

nt ! 1
1

" = n ! nt ! 1
1( )#̂t ! 1

B
nt ! 1
1 #̂t ! 1

S =$ #̂t ! 1
B #̂t ! 1

S( ) , 

where ! = n" nt"1
1( ) nt"1

1 > 0  is treated as a constant (at least for large t ). 

In short, the above analysis permits us to express the asset-return random variable as a 

constant plus the natural log of the ratio of two Bernoulli proportions; that is, 

ln Pt Pt ! 1( ) = ln "( ) + ln Wt ! 1( ) , 

where W
t ! 1 = "̂

t ! 1
B "̂

t ! 1
S .  We now look more closely at the random variable Wt ! 1  and its 

implications. 

Ratio of Gaussians 

In the simplest case,  It!1
j 0,1( ); j = 1,2,…,n ! n

t!1
1{ }  and 

 
I t ! 1

k 1,0( );k = 1,2,…,nt ! 1
1{ }  are 

mutually independent i.i.d. Bernoulli sequences, meaning that the individual potential buyers j  

and potential sellers k  possess private-information sources that are entirely statistically 

independent of one another.  For sufficiently large n , the Bernoulli proportions ˆ!
t " 1
B  and ˆ!

t " 1
S  

will be independent, approximately Gaussian random variables whose ratio is concentrated 

almost entirely on the positive half-line, with right tail given by Pr W
t ! 1 > w{ } ~C

R
w

! 1 as 

w!"  and left tail by Pr Wt ! 1 " w{ } ~ CLw  as w! 0+ .  (See Fieller, 1932.)  From the simple 

transformation Y
t ! 1 = ln W

t ! 1( ) , it then follows that Pr Yt ! 1 > y{ } ~ CRe! y  as y ! "  and 

Pr Yt ! 1 " y{ } ~ CLe
y  as y ! " # , so that both tails of ln Pt Pt ! 1( ) = ln "( ) +Yt ! 1  are approximately 

exponential. 

These results can be generalized by permitting any dependence structure among the 

Bernoulli sequences  I t!1
j
0,1( ); j = 1,2,…,n! nt!1

1{ }  and  It ! 1
k 1,0( );k = 1,2,…,n

t ! 1
1{ }  that causes 
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the Bernoulli proportions ˆ! t " 1
B  and ˆ! t " 1

S  to become approximately bivariate Gaussian for large n .  

For example, one might assume that private information is allocated separately to the sets of 

potential buyers ( j ) and potential sellers ( k ) in a manner similar to the “m-dependent”  

sequences considered by Chen (1975) and Hudson et al. (1989).  If the buyers’  and sellers’  

separate information allocations are statistically independent of each other, then ˆ! t " 1
B  and !̂t"1

S  

will tend to independent Gaussian random variables; further conditions could allow for non-zero 

correlations.  Again, the approximately exponential tails of ln Pt Pt ! 1( ) = ln "( ) +Yt ! 1  follow from 

Fieller (1932). 

Ratio of Betas 

Naturally, the above derivation of exponential tails is somewhat suspect because the 

Bernoulli proportions ˆ! t " 1
B  and ˆ!

t " 1
S  are not precisely Gaussian – and in fact are restricted to the 

interval 0,1( ] .[4]  As an alternative, one might consider employing the beta a,b( )  family, defined 

on the unit interval, to approximate these proportions.  This family is particularly flexible 

because the polynomial form of its PDF, 

f !( ) = " a + b( ) " a( )" b( )#$ %&!
a ' 1 1 ' !( )b ' 1 , 

for a > 0  and b > 0 , provides a wide variety of possible shapes. 

If we assume ˆ! t " 1
B ~ beta at " 1

B ,bt " 1
B( )  and ˆ!

t " 1
S
~ beta a

t " 1
S
,b

t " 1
S( )  are independent, then their 

ratio, whose sample space is the positive half-line, possesses tails given approximately by 

Pr Wt!1 > w{ } ~ CRw!at!1
S

 as w!"  and Pr Wt!1 " w{ } ~ CLw
at!1

B

 as w! 0+ .  (See Pham-Gia, 

2000.)  Letting Yt ! 1 = ln Wt ! 1( ) , it then follows that, approximately, Pr Yt!1 > y{ } ~CRe
!at!1

S
y  as 

y!"  and Pr Yt ! 1 " y{ } ~ CLe
at ! 1

B y  as y! "# ; that is, both tails of ln Pt Pt ! 1( ) = ln "( ) +Yt ! 1  are 
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characterized by approximately exponential decay.  This is similar to the Gaussian-ratio case, but 

now the model includes two (possibly time-dependent) parameters:  a
t ! 1
B  and at ! 1

S . 

Neither  Too Light Nor Too Heavy 

The most striking aspect of the above analysis is that the finding of exponential tails lies 

distinctly and conspicuously “ in between” the light-tailed Gaussian assumption so commonly 

(but unrealistically) employed in theoretical discussions of asset returns, and the heavy-tailed 

Lévy-stable model (for ! < 2 ) borne out by many empirical studies.  (See, e.g., Bidarkota and 

McCulloch, 2004.)  This observation yields two implications of remarkable significance given 

the parsimony of the simple price-formation model employed (i.e., equation (1)): 

• the Gaussian assumption provides a poor “starting point”  for asset-pricing models (leaving 

one rather puzzled by its historical popularity); and 

• empirically observed heavy-tailed behavior is likely the result of time-dependent components 

in the exponential tail parameters, a
t!1
B  and a

t ! 1
S  (e.g., if these parameters were themselves 

drawn from underlying gamma distributions, then each tail would follow a power law over 

time).[5] 

In sum, it seems reasonable to conclude that Money’s tail is truly exponential in nature – 

that is, neither too light nor too heavy.  However, because of the unpredictable manner in which 

Money is wont to wag its tail, one cannot help attributing greater heaviness to the resulting blur. 
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[1] I would like to thank my Temple University colleague, James D. Delaney, for several enlightening discussions on 
this topic. 
[2] Of course, the random variables ln Pt Pt ! 1( )  and Pt Pt !1( ) ! 1  have very different sample spaces, with the 

former being an element of ! " , "( ) , and the latter being an element of ! 1, "[ ) .  Nevertheless, if Pt Pt ! 1  is highly 

concentrated around 1.0, then both ln Pt Pt !1( )  and Pt Pt !1( ) ! 1  will be similarly concentrated around 0. 
[3] This is a simplified version of a model proposed by Powers et al. (2005), in which traders also may hold short 
positions for single or multiple time periods. 
[4] The lower bound of this interval is precluded for exchange-traded assets because the market maker must be 
willing to provide at least one buyer [seller] at the current offer [bid] price. 
[5] Along these lines, it is interesting to note that Powers and Smalling (2009) found that GARCH/Lévy-stable 
models perform reasonably well (under the Bayes Information Criterion) for a small set of U.S. stocks. 


