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EDITORIAL 

Rethinking Risk and Return: 

Part 2 – Some Felicitous Four ier  Frequencies 

Michael R. Powers* 

A Cosine-Based Risk Measure 

In the preceding editorial, it was noted that the p -norm-based risk measure, 

Riskp X[ ] = EX X ! mp
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, provides a natural generalization of the 

standard deviation 

SDX X[ ] = EX X ! µ
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However, it also was shown that Riskp X[ ]  is unsatisfactory because there is no value p ! 0  that 

provides a useful risk measure for all random variables X , regardless of how long-tailed their 

distributions are.  In the present editorial, I will advocate use of the alternative cosine-based risk 

measure, 

Risk! X[ ] =
1
!

cos"1 E cos ! X " m!( )( )#$ %&( )                                                           (1) 

for ! " 0 , where m! = arginf
m" #

1 !( )cos$1 EX cos ! X $ m( )( )%& '(( ){ }  

= Root
m

E
X
sin ! X " m( )( )#$ %&( ) , and discuss its implementation. 
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The simplest way to motivate Risk
!

X[ ]  is to consider the following generalization of 

Riskp X[ ] : 

Riskg X[ ] = g
! 1
EX g X ! mg( )"

#
$
%( ) , 

where mg
= arg inf

m!"

g
#1
E
X
g X # m( )$% &'( ){ }  for any function g !( )  that is increasing in a 

neighborhood to the right of 0.  Then, selecting g X ! mg( ) = ! cos " X ! m"( )( ) , for ! " 0 , 

immediately yields the expression in equation (1).  The negative cosine function constitutes a 

natural alternative to the power function, g X ! m
g( ) = X ! m

p

p

, because the cosine 

transformation provides the even-function bases of the Fourier approximation to the random 

variable’s probability density function (PDF) or probability mass function (PMF) in much the 

same way as the power transformation with even integer exponents provides the even-function 

bases of the Taylor approximation. 

The principal technical advantage of the cosine-based risk measure is that it is well 

defined for long-tailed distributions for all values ! > 0 , whereas the p -norm-based risk 

measure may not be well defined except as p  approaches 0.  As a consequence, rather than 

having too few possible choices for p , one encounters the much pleasanter problem of choosing 

the most appropriate !  from an infinite number of potential alternatives. 

Selecting Four ier  Frequencies 

Let us now consider several possible approaches to selecting the Fourier frequency, ! : 

(1) Simply take appropriate limits as !  approaches 0; in other words, use 

Risk!"0 X[ ] = lim
!"0

1
!

cos#1 EX cos ! X # m!( )( )$% &'( ) . 
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(2) Identify the smallest possible frequency, !P , that human beings are cognitively capable of 

using in quantitative decision making (i.e., a sort of decision-theoretic “Planck Fourier 

frequency”), and then set 

Risk!P
X[ ] =

1

!P

cos
"1 EX cos !P X " m!P( )( )#

$
%
&( ) . 

(3) Maximize the marginal expected (Shannon) information associated with the random 

variable’s PDF or PMF; in other words, solve for the value of ! = !
*  that maximizes 

! ln "
X
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"( )  is the norm of the Fourier transform of the 

PDF/PMF (or equivalently, the norm of the PDF’s/PMF’s characteristic function), and then 

use 
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(4) Choose an appropriate PDF, ! "( ) , over the sample space ! " 0,#[ ) , and then use this 

distribution to compute the “average” risk, 
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The motivation for the first approach is the observation that, if Var
X
X[ ] < ! , then 

Risk! " 0
X[ ] = SD

X
X[ ]  and m

!"0 = E
X
X[ ] .  After all, what would provide a better extension of 

the standard deviation than a risk measure that converges to this quantity in the case of finite 

variance (i.e., sufficiently short tails)?  Unfortunately, however, Risk
!"0 X[ ]  is not well defined 

if VarX X[ ]  is unbounded, and so this risk measure cannot address the problem of long-tailed 

distributions, which was our original objective. 
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The second approach is based upon the idea that, since Risk! " 0 X[ ]  would be a highly 

attractive risk measure if it existed in all cases, the next best thing is to use Risk! X[ ]  for the 

smallest feasible value !
P
> 0 .  Methods for deriving this “Planck Fourier frequency”  will 

constitute most of the remainder of the present discussion. 

Since the third approach is described elsewhere (see Powers and Powers, 2009), I will not 

expand on it here, except to note that it offers a mathematically rigorous means of selecting the 

Fourier frequency to balance information about both the center and tails of the random variable’s 

PDF/PMF (where smaller values of !  provide relatively more information about the tails and 

larger values of !  provide relatively more information about the center).  Once this balance is 

achieved, one would expect an increase in the spread of the PDF/PMF to imply a smaller value 

of ! , and a decrease in the spread to imply a larger value of ! ; that is, !  should be inversely 

related to the spread of the distribution. 

Finally, although the fourth approach – involving integration over !  – is rather elegant, 

the selection of ! "( )  presents two difficulties in practice:  (a) like any Bayesian prior 

distribution, it may be difficult to justify a particular choice in a given setting; and (b) for the 

integral defining Risk! "( ) X[ ]  to converge, lim
!"0

# !( ) !$% &'cos(1
E
X

cos ! X ( m!( )( )$% &'( )  must be 

finite. 

The “P lanck Four ier  Frequency”  

According to modern quantum physics, which describes particle interactions at the 

atomic and subatomic level, the four dimensions of space-time become discontinuous, or 

“ foamy”, at extremely small values of distance or time.  Lower bounds on the continuous realm 

are given by the Planck length,  ! P
!1.6163"10#33 cm., and the Planck time, 
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 tP = c! P ! 5.3912"10#44  sec., where c  denotes the speed of light.  In short, the Planck length 

and Planck time represent the smallest meaningful measurements of distance and time, 

respectively. 

By analogy with this physical concept, I would posit the existence of real numbers 

representing the smallest numerical quantities – in particular, the smallest probability and the 

smallest Fourier frequency – that can be used by human beings in quantitative decision making.  

These constants may be thought of as the “Planck probability”  and “Planck Fourier frequency,” 

respectively, of decision theory,[1] and their orders of magnitude can be motivated by 

considering certain quantitative bounds likely to have been encountered by primitive human 

beings, and therefore built into human cognition via the evolutionary process. 

In an earlier editorial (see Powers, 2007), I suggested that the emotion of surprise might 

well be a biological mechanism calibrated specifically to the human mortality (hazard) rate µ t( )  

(i.e., the probability of dying within a given period of time given that one has survived to age t ).  

To make this notion more precise, let µ DAY( ) t( )  denote the probability of dying during a typical 

day given that one has survived to age t , and note that for an ancestral adult human being with 

an expected remaining lifetime of about ten years, the “Planck probability” would be 

approximately µP
DAY( ) ! 0.000274. 

Our present objective is to determine the value of ! P  implied by µP
DAY( ) ; that is, the 

“Planck Fourier frequency.”  To this end, consider the Bernoulli random variable 

Y =
1 if a person survives a given day

0 otherwise
!
"
#

, 

with characteristic function ! Y "( ) = µP
DAY( ) + 1# µP

DAY( )$% &' cos "( ) + i sin "( )$% &' , and note that:   
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• lim
! " 0

#
Y

!( ) = 1; and 

• !  is bounded away from 0 by !P  by the same process that bounds 1 ! µ
P

DAY( )  away from 1. 

Hence, 
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where ! " Y #( )( )  denotes the real part of ! Y "( ) . 

Another (very different) way to address the same “Planck boundary”  issue is to view the 

quantity 2! "
P

 as a physical wavelength, and its inverse, !
P
2" , as the corresponding 

(physical) frequency.  Now, consider the most fundamental (physical) frequency encountered in 

the lives of our primitive ancestors – that is, the fraction of one year represented by one day:  

1/365.  Setting ! P 2" # 1 365, we find !P " 0.0172. 

The agreement between this astronomically based value of ! P " 0.0172 and the 

mortality-based !P " 0.0234 derived above is rather remarkable.  Since there is no obvious 

causal connection between the probability of dying on a given day and the number of days in one 

orbit of our planet about its sun, the agreement is most likely coincidental.  However, given the 

existence of these two distinct potential paths to the embedding of a “Planck Fourier frequency”  

in human cognition, I would suggest that human beings are likely to find ! P " 0.02 an 

especially felicitous value of this parameter.  In other words, 

Risk X[ ] ! 50cos"1 EX cos
X " m̂
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where m̂ = Root
m

E
X
sin X ! m( ) 50( )"# $%( ) , should be an attractive and robust measure of “ risk”  

for human decision makers in many contexts, both financial and non-financial. 
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[1] The idea of applying quantum-theoretic concepts in the social sciences is not new.  See, for example, Shubik 
(1999) and Haven (2008). 


