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EDITORIAL

Rethinking Risk and Return:
Part 2 — Some Felicitous Fourier Frequencies

Michad R. Powers

A Codne-Based Risk Meaaure

In the preceding editorial, it was noted that the p -nomrm-based risk measure,
1
. " PO
Rlskp[X]z(Ex#X! m,| .éf"
| t » ol . o
for p! 0, wheem, = arq !‘nf %r(EX aOX# m| 89 - provides a natural generalization of the

standad deviation
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However, it also was shown tha Risk [ X] is unsatisfactory because thereisnovaue p! 0 tha

provides aussful risk measure for all randomvariables X, regardless of how long-tailed ther
distributonsare. Inthepresent editorial, | will advocate use of theaternaive coane-based risk

meaaure,
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:Root(EX gin(/ (X" m))g)) and discuss its implementation.
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Thesimplest way to motivate Risk, [ X] isto congder the following generalization of

Risk [ X]:

Risk [X]=g" (Ex#g(\x ! mg\)a

where m, = arginf{g‘1 (EX [g(x- m|):|)} for any fundion g(!) tha isincreasingin a
meR

neighbohood to therightof 0. Then, selecting g(‘X! rngD =1 cos(" (X! m.)), for >0,
immediately yieldstheexpressionin equaion (1). Thenegative cognefundion conditutes a
naural alternative to the power fundion, g(‘X! mg‘)=‘X! m,|", because the cosine

trandormation provides the even-fundion bases of the Fourier approximation to therandom
variable' s probability dengty fundion (PDF) or probability mass fundion (PMF) in much the
same way as the power trangormation with even integer exponents provides the even-fundion
bases of the Taylor approximation.

Theprindpd technical advantage of the cogne-based risk measureistha it iswell
defined for longtailed distributionsfor al values w > 0, whereas the p -nom-based risk
measure may not bewell defined except as p approaches 0. Asaconsquence, rathe than
having too few possible choicesfor p, oneencountrs the much pleasanter problem of choosng
themog appropriate /  from an infinite number of potential alternatives.

Selecting Fourier Frequencies
Let usnow congder severa possible approaches to selecting the Fourier frequency, !

(1) Simply take appropriate limitsas ! approaches O; in other words use

Risk, o[ X]= Iimicos‘l(Ex | cos{w(X - mw))]) .
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(2) Identify thesmallest possible frequency, w,, tha humen bengsare cogntively capable of

usngin quantitative decison making (i.e., a sort of decision-theoretic “Planck Fourier

frequency”), and then set

Risk, [X]= wlcosl (EX [cos (wp (X -m, ))}) :

P

(3) Maximizethemargind expected (Shannor) information assodated with therandom

variable's PDF or PMF; in other words solve for thevalueof o = " tha maximizes
—In(|<pX (w)|2) oy (@), where |/ (") isthenorm of the Fourier transform of the

PDF/PMF (or equivalently, thenorm of the PDF PMF’ s characteristic fundion), and then

use

Rié(l*[x]:li*cos"l(Exgcos(! (X m,))?
(4) Choo an appropriate PDF, ! (" ), over thesample space ! " [0,# ), and then use this

distributonto compute the “average’ risk,
Risk,,[X] = J:%cos‘l(EX [ co{o (X - mw))])it(w)dco .
Themotivation for thefirst approach is the obsrvation that, if Var, [X] < e, then

Risk,. ,[X]=SD,[X] and m,_, = E,[X]. After al, wha would provide a better extension of

the standad deviation than arisk measure tha converges to this quantity in the case of finite

variance (i.e., sufficiently short tails)? Unfortunaely, however, Risk, [ X] isnotwell defined

'w—0

if Var, [ X] isunboundé, and so this risk measure cannotaddress the problem of long-tailed

distributons which was our origind objective.



The second approach is based upontheidea tha, since Risk, . [ X] would bea highly
attractive risk measure if it existed in all cases, thenext best thingisto use Risk, [ X] forthe
smallest feasible value w, > 0. Methodsfor deriving this“Planck Fourier frequency” will
conditute mog of theremainde of the present discussion.

Since thethird approach is described elsewhere (see Powers and Powers, 2009) | will not
expand onit here, except to note that it offers a mathematically rigorousmeans of selecting the
Fourer frequency to baance information aboutbath the center and tails of therandomvariable's
PDF/PMF (where smaller valuesof ! providerelatively more information aboutthetails and
larger valuesof ! providerelatively more information aboutthe center). Oncethisbdanceis
achieved, onewould expect an increase in the spread of the PDF/PMF to imply asmaller value
of w, andadecreaseinthespread to imply alarger valueof ! ; thais, / should beinversely
related to the spread of the distribution.

Findly, althoughthefourth approach —involving integration over @ —israther elegant,
thesdectionof A(w) presentstwo difficultiesin practice: (a) like any Bayesian prior
distribution, it may bedifficult to jugify a paticular choice in agiven setting; and (b) for the

integral defining Risk, , [ X] to converge, ljm[/l(w)/w]cos‘l(EX [coq{o(x - mw))]) must be

finite.
The“Planck Fourier Frequency”
According to moden quantum physcs, which describes particle interactionsat the
atomic and subaomic level, thefour dimensonsof space-time become discontinuous or

“foamy”, at extremely small values of distance or time. Lower boundson thecontinuousrealm

are given by the Plandk length, ! , =1.6163x 10" cm., and the Planck time,



t,=c!, =5.3912x10™* sec., where ¢ denotes the speed of light In short, the Planck length
and Planck time represent the smallest meaningful measurements of distance and time,
respectively.

By andogy with this physcal conaept, | would post the existence of real numbers
representing the smallest numerical quantities—in particular, the smallest probability and the
smallest Fourier frequency — that can be used by human beingsin quantitative decision making.
These condants may bethoughtof as the“Planck probability” and “Planck Fourer frequency,”
respectively, of decision theory,['] andther orders of magnitudecan be motivated by
congdering certain quantitative boundslikely to have been encountered by primitive human
beings and therefore built into human cognition via the evolutionary process.

In an earlier editorial (see Powers, 2007) | suggested tha theemotion of surprise might

well be abiologica mechanism calibrated specificaly to the human mortdlity (hazard) rate u(t)
(i.e.,, the probability of dying within agiven period of time given that onehas survived to age t ).
To make this notion more precise, let /™) (t) denote the probability of dying during a typical
day given tha onehas survived to aget , and note tha for an ancestral adult human being with
an expected remaining lifetime of aboutten years, the*“Plandk probability” would be

approximately p{®) 1 0.00027<.

Our present objective isto determinethevalueof ! , implied by P that is, the

“Planck Fourer frequency.” To this end, consder the Bernouli randomvariable

V- 1if apason survives agiven day
- 0 othewise

with characteristic fundion /. (") = ™) + g # 1> 8ggos( ) +isin(" )&, and note that:



» lim# (/)=1; and
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« | isbounde away from0by w, by thesame processtha boundsl! p{”") away from 1.

Hence,
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) = 0.0234,

where ! (, (#)) denotestherea patof /. (").

Anothe (very different) way to address the same “Planck bounday” issueisto view the
quantity 2!/ /" , asaphydcal wavelength, anditsinverse, o, /2 , asthecorresponding
(physcal) frequency. Now, consder themog fundamental (physcal) frequency encountered in

thelives of our primitive ancestors —that is, thefraction of oneyear represented by oneday:

1/365. Setting ! /2" #1/365, wefind w, = 0.0172.
The agreement between this astronomically based valueof / " 0.0172 andthe
mortality-based w, = 0.0234 derived aboveisrather remarkable. Since thereis no obvious

causal connection between the probability of dyingon agiven day andthe number of daysin one
orbit of our planet aboutits sun, the agreementismog likely coinddental. However, given the
existence of these two distinct potential pathsto the embedding of a“Planck Fourier frequency”

in human cognttion, | would suggest tha human beingsare likely tofind / ;" 0.02 an

especialy felicitousvalue of this parameter. In other words

RIsk[ X] = 50005—{ . {cos{%ﬂj ,



where 7 = Root(EX ssin((X ! m)/SO)@}, should be an attractive and robus measure of “risk”

for human decision makersin many contexts, both finanadal and nonfinandal.
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['] The ideaof applying quantum-theoretic conceptsin the social sciencesisnot new. See, for example, Shubik
(1999) and Haven (2008).



