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EDITORIAL

Rethinking Risk and Return:
Part 1 — Novd Normsfor Non-Normality?

Michad R. Powers

Common Practice

Formal quantitative measures of the“risk” assodated with arandomvariable X ~ F, ()

abound. Thesimplest and mos commonly used examples are the standard deviation,

SDX[X]z\/EX;(X! Ex[X])’$, and variance, Var, [X] = E, )X ! E,[X])’8, both of which

contain identical information in the sense tha theformer isjud thesquae rootof thelatter. In
finanaal portfolio theory, where therandomvariable of interest is thereturn on an invested
asset, the standad deviation frequently is used to capture therisk dimensonin a“risk vs. return”
andysis. Specificaly, aportfolio’s expected (mean) return is plotted agang the standad
deviation of its return, and the set of optimal portfoliosis given by thecapital market line (see
Figure 1), formed by al possible convex combinationsof therisk-free asset and the market

portfolio.
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Theuse of thestandad deviationin finandal portfolio theory is often judified

mathematically by either (or both) of two assumptions (1) tha investment returnsare normally
distributed (so tha the standard deviation captures all characteristics of thereturn distributon not
reflected in themean return); or (2) that theinvestor' s utility fundionis quadratic (so that the
first and second moments of theinvestment-return distribution capture everything tha is
important to theinvestor sdecisiong. Unfortunaey, nather of these assumptionsis paticularly
reasonable. Fromthework of Harvey and Siddique (2000)and others, we know tha notonly do
skewed finandal returnsexist, but also tha investors tend to pay a premium for postive
skewness. Also, as shown by Manddbrot (1963, many finandal returnsarise from distributions

tha deviate from nomality by possessing such “long tails’ tha standad deviations and possibly

even means areinfinite orindgerminae. Furthermore, thequadratic utility fundionis

characterized by inareasing absolute risk aversion (i.e., thedecison maker’srisk aversion

increases as he'she gansmore wealth), which is generaly recognized as unredlistic in practice.



In theinaurance world, both standard deviationsand variances have been used explicitly
in the pricing of produds, where policyholder premiums are calculated as the mean loss plusa
profit loading propationd to either of these risk measures. While this may bereasonable when
an inurance company has alargeloss portfolio that can be averaged over many policyholders
(thereby judifying the normal approximation), it is clearly ingppropriate when dealing with large
loss amount from single events (such as largeliability awardsor catastropherelated |0sses).
Such loss distributionsnot only are highly asymmetric, but also can possess longtails with
infinite first and highe moments|[*]

In the contexts of highly skewed return or loss amounts, practitionea's typically employ
tail-sengtive risk measures, such as. (1) valueatrisk (*VaR’), (2) tail valueat risk, (3) excess
tail valueatrisk, (4) expected ddficit, and (5) default value As| have shown elsewhere (see

Powers, 2007) each of these measures can beviewed as a special case of the expression
E, baX+bu[ X]| X > cv[ X]§%Br { X > dw[ X[},
where a, b, ¢, and d are congantsand [ X], v[X], and w[ X] are either meansor percentiles

of thedistribution of X .[’] Unfortunaely, the aboveexpressionisnotwell defined if X hasan
infinite or indderminate mean unless a = 0. Consequently, theonly commonly used risk
measure that worksin the case of a badly behaved mean isthe purely percentile-based VaR,
given by F'(1—¢) (for any selected tail probability /).

Theinsendtivity of VaR to pathologies of themean undoubeédly explains some of this
risk measure' s popukrity in thefinance and insurance literatures. However, knowing VaR for
only one(or even afew) fixed tail probabilities ! |eaves much to bedesired in terms of
characterizing the overall risk assodated with therandomvariable X . Percentiles can tell us

much aboutonetail of thedistribution, butlittle or nothing aboutthe center or other tail.



Certainly, if VaR isknown for al ¢ (0,1), then onehas avery goodidea of how X

behaves, but this defeats the purpose of identifying a smple scalar measure of risk. Knowingthe

VaR foral e €(0,1) isequivalent to knowing the cumulative distribuiion fundion, the

probability dengty/mass fundion, the characteristic fundion, or other smilar “infinite-
dimensond” summary measures. However, the search for a scalar risk measure presuppogs
that infinite-dimengond measures present undesirable cognitive difficulties for human decision
makers, since the human mind — even when trained to undestand thedefinitionsof these
fundionsand ther nuances —is notwell disposed toward usng infinite-dimensond objectsin
decison making. Consquently, we mug turn elsawhere for a comprehensve scalar measure of
risk.
A Norm-Based Approadc

In developing anovd risk measure, onemus bevery clear aboutwha it should capture —
that is, exactly what is meant by “risk”. If onebeginswith the notion tha risk denotes a measure
of the potential deviation of an outcome from its anticipaed state, taking accountof both thesize

and likelihoodof each possible deviation, then a very natural approach isto use p-norms of the
deviations Theconaept of a p-nom isddined at the head of the second column of Tablel,
and, as shown in thethird column, variousincarnaionsof theclosly related p-mean (i.e, the

geometric mean, arithmetic mean, quadratic mean, and sample maximum) are widdy used. (See

Ronne, 1977,for acomprehengve treatment of the use of p-nomsin statistics.)
To apply theconcept of p-noms to the measurement of deviationsassodated with the

randomvariable X , oneneed ssimply subtract a certain fixed value m from each possible value

of X, take theabsolute value of this deviation, and then compute the p -mean of the absolute



deviation. Thisexpression, presented at the head of thefourth column, immediately raises a
fundamental question: Wha valueof m should be used?

Inthecase of p =2, common practice dictates tha m bethearithmetic mean (i.e.,
m, = E, [ X]), which then yields SD, [ X] — thequadmtic mean of ablute centered deviations
— asthe appropriate measure of risk. Althoughthe mean can bejudified in many ways, the most
natural motivationin the present context isto note that m, = E, [ X] isthevalueof m that
minimizes SD, [ X|. Generdizing, | define m, asthevalueof m tha minimizesthe p-mean of

absolute centered deviations and then employ this minimum value as the relevant measure of
risk. (For completeness, | would note tha the minimum of the p-mean of absolute centered
deviationsmay befoundby setting its first derivative with respect to m equd to 0. Thisis

equivaent to setting the ( p- 1) -mean of signed centered deviations provided in the appropriate

row of thefifth column, equd to 0.) In thisway, oneobtainsthe general family of risk measures,

Risk, [ X] = (EX gx! mp\p?;,

with ther implied “return measures,”

Return [ X] =m, .



Tablel. p-Normsand Related Quantities

Index, p p-Norm p-Mean p-Mean of Absolute p-Mean of Signed
Centered Deviations Centered Deviations
Ser ) ey % | (Egx o mPE) |E3x, 1 m) 8
X|| = X E[x"|) =¢=1 x" i i 0
b, =(Sher ) | (el =gt x | |
1 "1 2 *p 14 Wl
" 104 :z—&|xi ! m|p+ ==& {(x ! m)
=g IXI N e
#,& "1
(defined for any >l<,where
(defined for any X, | (defined foronly X! 0) (defined for any X') ) )
A ALY _ x
where p>0) (x)" =]x|"sgn(x))

0 ! Geometric mean Geometric mean of absolute | Geometric mean of signed

(aslimit) centered deviations centered deviations

(Minimized by m, = (EqualsOfor m =
Mode) Median)

1 n times Arithmetic | Arithmetic mean Arithmetic mean of absolute | Arithmetic mean of signed
mean of absolute centered deviations centered deviations
values (Minimized by m, = (EqualsOfor m, =

Median) Arithmetic mean)

2 : .| Quadratic mean Quadratic mean of absolute | Quadratic mean of signed
\/ﬁ times Quadratic centered deviations centered deviations
mean of absolute -
vaues (Minimized by m, = (Equals O for m,)

Arithmetic mean)
! Maximum of Maximum Maximum of absolute Maximum of signed
(aslimit) | absolutevaues centered deviations centered deviations

(Minimized by m_ =
Midpoint of sample)

(EqualsOfor m =
Midpoint of sample)

Given that Risk,[X] isnotwell defined if E, [|X|" |= o, it follows that this risk

measure is restricted to values of p in theinterval (0, / X] , where &, = arg sup{EX [|X|1] <oo} :
p>0

Thus to identify a“universal” valueof p >0 forwhich Risk [ X] may beapplied to all random

variables X , onemug select avalueof p tha islessthan or equd to Fin(f){! « }. However, by

conddering the Lévy-stable distribution with parameter o arbitrarily closeto 0, it can be shown

that ;n(f){! «} =0. Consquently, we areeft with only oneuniversal risk measure,




1
Risk; [ X] = Li!”g(Ex g mp\p‘(%p = geometric mean of X" m|=0,

and its attendant retum measure,

Return,[ X] = m, = modeof X .

Obvioudy, theaboverisk measure isinvariant over all randomvariables, and thus
entirely useless. Therefore, in Part 2 of this series (see Powers, 2009) | consde an andogous
approach based upona Fourner-like trandormation of X (i.e.,, thecharacteristic fundion) rather

than the power trandormation assodated with p-noms. Interestingly, this aternative approach

provides results tha are both appealing and useful.
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['] Even if the actual financial loss arising from an instance of personal injury or property damage possesses finite
k" momentsforall k! {1,2,...}, an insurance company’s ultimate claim payment may have an infinite mean if its

required payment differs sufficiently from the underlying loss amount. This can occur in the context of liability
insurance, where larger claims take longer to settle than smaller claims, and may incur positive rea growth from the
time of the underlying loss event to the time of final settlement (e.g., because of increasingly generousjury awards).

For example, suppose that the actual financial loss caused by the policyholder is X ~ Exponential (! ), where
EX[Xk] = k!/)pk < oo, but that (1) losses grow exponentially over time with instantaneous rate !/ > 0, and (2) the



time until claim settlement is an increasing function of the underlying loss size, h(X). It then follows that the
insurance company’ s claim payment will be of theform Y = Xe"™  and that E,[Y]=1 if a(x)>(//")x.

[%] Speifically, for risk measure (1), weset a=c=d =0, b=1,and u[X] = F.*(1! ") for sometail probability
Iifor(2,a=c=1,b=d=0,and v[X]=F/(1! ");for(3, a=c=1,b=d=0,and v[X] = E, [X]; for
(4), a=1, b=—(Ne Worth)/E,[X], c=(Ne Worth)/E, [X], d =0,and u[X]=v[X]= E, [X]; and for (5),
a=1,b=! (Net Worth + Net Income)/EX[X], c=d= (Net Worth + Net Inoorre)/EX[X] ,and
u[x]=v[x]=w[x]=E [x].



