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EDITORIAL 

Rethinking Risk and Return: 

Part 1 – Novel Norms for Non-Normality? 

Michael R. Powers* 

Common Practice 

Formal quantitative measures of the “ risk”  associated with a random variable X ~ FX x( )  

abound.  The simplest and most commonly used examples are the standard deviation, 

SDX X[ ] = EX X ! EX X[ ]( )
2"

#
$
%, and variance, VarX X[ ] = EX X ! EX X[ ]( )2"

#
$
%, both of which 

contain identical information in the sense that the former is just the square root of the latter.  In 

financial portfolio theory, where the random variable of interest is the return on an invested 

asset, the standard deviation frequently is used to capture the risk dimension in a “ risk vs. return” 

analysis.  Specifically, a portfolio’s expected (mean) return is plotted against the standard 

deviation of its return, and the set of optimal portfolios is given by the capital market line (see 

Figure 1), formed by all possible convex combinations of the risk-free asset and the market 

portfolio. 

 

                                                
* Editor, Journal of Risk Finance; Professor of Risk Management and Insurance, Fox School of Business, Temple 
University; Distinguished Visiting Professor of Finance, School of Economics and Management, Tsinghua 
University; e-mail:  michael.powers@temple.edu. 



 -2- 

Figure 1.  Risk vs. Return in Financial Por tfolio Theory 

 

 

 

 

 

 

 

 

 

 

The use of the standard deviation in financial portfolio theory is often justified 

mathematically by either (or both) of two assumptions:  (1) that investment returns are normally 

distributed (so that the standard deviation captures all characteristics of the return distribution not 

reflected in the mean return); or (2) that the investor’s utility function is quadratic (so that the 

first and second moments of the investment-return distribution capture everything that is 

important to the investor’s decisions).  Unfortunately, neither of these assumptions is particularly 

reasonable.  From the work of Harvey and Siddique (2000) and others, we know that not only do 

skewed financial returns exist, but also that investors tend to pay a premium for positive 

skewness.  Also, as shown by Mandelbrot (1963), many financial returns arise from distributions 

that deviate from normality by possessing such “ long tails”  that standard deviations, and possibly 

even means, are infinite or indeterminate.  Furthermore, the quadratic utility function is 

characterized by increasing absolute risk aversion (i.e., the decision maker’s risk aversion 

increases as he/she gains more wealth), which is generally recognized as unrealistic in practice. 
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In the insurance world, both standard deviations and variances have been used explicitly 

in the pricing of products, where policyholder premiums are calculated as the mean loss plus a 

profit loading proportional to either of these risk measures.  While this may be reasonable when 

an insurance company has a large loss portfolio that can be averaged over many policyholders 

(thereby justifying the normal approximation), it is clearly inappropriate when dealing with large 

loss amounts from single events (such as large liability awards or catastrophe-related losses).  

Such loss distributions not only are highly asymmetric, but also can possess long tails with 

infinite first and higher moments.[1] 

In the contexts of highly skewed return or loss amounts, practitioners typically employ 

tail-sensitive risk measures, such as:  (1) value at risk (“VaR” ), (2) tail value at risk, (3) excess 

tail value at risk, (4) expected deficit, and (5) default value.  As I have shown elsewhere (see 

Powers, 2007), each of these measures can be viewed as a special case of the expression 

EX aX+ bu X[ ] X > cv X[ ]!" #$%Pr X > dw X[ ]{ } , 

where a , b , c , and d  are constants and u X[ ] , v X[ ] , and w X[ ]  are either means or percentiles 

of the distribution of X .[2]  Unfortunately, the above expression is not well defined if X  has an 

infinite or indeterminate mean unless a = 0 .  Consequently, the only commonly used risk 

measure that works in the case of a badly behaved mean is the purely percentile-based VaR, 

given by FX
!1
1! "( )  (for any selected tail probability ! ). 

The insensitivity of VaR to pathologies of the mean undoubtedly explains some of this 

risk measure’s popularity in the finance and insurance literatures.  However, knowing VaR for 

only one (or even a few) fixed tail probabilities !  leaves much to be desired in terms of 

characterizing the overall risk associated with the random variable X .  Percentiles can tell us 

much about one tail of the distribution, but little or nothing about the center or other tail. 
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Certainly, if VaR is known for all ! " 0,1( ) , then one has a very good idea of how X  

behaves; but this defeats the purpose of identifying a simple scalar measure of risk.  Knowing the 

VaR for all ! " 0,1( )  is equivalent to knowing the cumulative distribution function, the 

probability density/mass function, the characteristic function, or other similar “ infinite-

dimensional”  summary measures.  However, the search for a scalar risk measure presupposes 

that infinite-dimensional measures present undesirable cognitive difficulties for human decision 

makers, since the human mind – even when trained to understand the definitions of these 

functions and their nuances – is not well disposed toward using infinite-dimensional objects in 

decision making.  Consequently, we must turn elsewhere for a comprehensive scalar measure of 

risk. 

A Norm-Based Approach 

In developing a novel risk measure, one must be very clear about what it should capture – 

that is, exactly what is meant by “ risk” .  If one begins with the notion that risk denotes a measure 

of the potential deviation of an outcome from its anticipated state, taking account of both the size 

and likelihood of each possible deviation, then a very natural approach is to use p -norms of the 

deviations.  The concept of a p -norm is defined at the head of the second column of Table I, 

and, as shown in the third column, various incarnations of the closely related p -mean (i.e., the 

geometric mean, arithmetic mean, quadratic mean, and sample maximum) are widely used.  (See 

Ronner, 1977, for a comprehensive treatment of the use of p -norms in statistics.) 

To apply the concept of p -norms to the measurement of deviations associated with the 

random variable X , one need simply subtract a certain fixed value m  from each possible value 

of X , take the absolute value of this deviation, and then compute the p -mean of the absolute 
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deviation.  This expression, presented at the head of the fourth column, immediately raises a 

fundamental question:  What value of m  should be used? 

In the case of p = 2 , common practice dictates that m  be the arithmetic mean (i.e., 

m2 = EX X[ ] ), which then yields SD
X
X[ ]  – the quadratic mean of absolute centered deviations 

– as the appropriate measure of risk.  Although the mean can be justified in many ways, the most 

natural motivation in the present context is to note that m
2

= EX X[ ]  is the value of m  that 

minimizes SDX X[ ] .  Generalizing, I define mp  as the value of m  that minimizes the p -mean of 

absolute centered deviations, and then employ this minimum value as the relevant measure of 

risk.  (For completeness, I would note that the minimum of the p -mean of absolute centered 

deviations may be found by setting its first derivative with respect to m  equal to 0.  This is 

equivalent to setting the p!1( ) -mean of signed centered deviations, provided in the appropriate 

row of the fifth column, equal to 0.)  In this way, one obtains the general family of risk measures, 

Riskp X[ ] = EX X ! mp

p"
#$

%
&'( )

1

p , 

with their implied “ return measures,”  

Returnp X[ ] = mp . 
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Table I .  p-Norms and Related Quantities 
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(defined for any  !

X , where 

X
p = X

p sgn X( ) ) 

0  
(as limit) 

!  Geometric mean Geometric mean of absolute 
centered deviations 
(Minimized by m0  =  
Mode) 

Geometric mean of signed 
centered deviations 
(Equals 0 for m1  = 
Median) 

1 n  times Arithmetic 
mean of absolute 
values 

Arithmetic mean Arithmetic mean of absolute 
centered deviations 
(Minimized by m1  = 
Median) 

Arithmetic mean of signed 
centered deviations 
(Equals 0 for m2  = 
Arithmetic mean) 

2  n  times Quadratic 
mean of absolute 
values 

Quadratic mean Quadratic mean of absolute 
centered deviations 
(Minimized by m2  = 
Arithmetic mean) 

Quadratic mean of signed 
centered deviations 
(Equals 0 for m3 ) 

!  
(as limit) 

Maximum of 
absolute values 

Maximum Maximum of absolute 
centered deviations 
(Minimized by m

!
 = 

Midpoint of sample) 

Maximum of signed 
centered deviations 
(Equals 0 for m!  = 
Midpoint of sample) 

 

Given that Riskp X[ ]  is not well defined if EX X p!
"

#
$ = % , it follows that this risk 

measure is restricted to values of p  in the interval 0,!
X( ] , where ! X

= arg sup
p>0

E
X

X
p"

#
$
% < &{ } .  

Thus, to identify a “universal”  value of p > 0  for which Riskp X[ ]  may be applied to all random 

variables X , one must select a value of p  that is less than or equal to inf
FX x( )

! X{ } .  However, by 

considering the Lévy-stable distribution with parameter !  arbitrarily close to 0, it can be shown 

that inf
F
X
x( )

!
X{ } = 0 .  Consequently, we are left with only one universal risk measure, 
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Risk0 X[ ] = lim
p! 0

EX X " mp

p#
$%

&
'(( )

1
p = geometric mean of X " m0 = 0 , 

and its attendant return measure, 

Return0 X[ ] = m0 = mode of X . 

Obviously, the above risk measure is invariant over all random variables, and thus 

entirely useless.  Therefore, in Part 2 of this series (see Powers, 2009), I consider an analogous 

approach based upon a Fourier-like transformation of X  (i.e., the characteristic function) rather 

than the power transformation associated with p -norms.  Interestingly, this alternative approach 

provides results that are both appealing and useful. 
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[1] Even if the actual f inancial loss arising from an instance of personal injury or property damage possesses finite 
k

th  moments for all  k ! 1, 2,…{ } , an insurance company’s ultimate claim payment may have an infinite mean if  its 
required payment differs suff iciently from the underlying loss amount.  This can occur in the context of liability 
insurance, where larger claims take longer to settle than smaller claims, and may incur positive real growth from the 
time of the underlying loss event to the time of f inal settlement (e.g., because of increasingly generous jury awards).  
For example, suppose that the actual financial loss caused by the policyholder is X ~ Exponential !( ) , where 

EX Xk[ ] = k! !
k < " , but that (1) losses grow exponentially over time with instantaneous rate ! > 0 , and (2) the 
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time until claim settlement is an increasing function of the underlying loss size, h X( ) .  I t then follows that the 

insurance company’s claim payment will be of the form Y = Xe! h X( ) , and that EY Y[ ] = !  if h x( ) > ! "( )x . 

[2] Specifically, for risk measure (1), we set a = c = d = 0 , b = 1 , and u X[ ] = FX

! 1 1 ! "( )  for some tail probability 

! ; for (2), a = c = 1, b = d = 0 , and v X[ ] = FX

! 1
1 ! "( ) ; for (3), a = c = 1 , b = d = 0 , and v X[ ] = EX X[ ] ; for 

(4), a = 1, b = ! Net  Worth( ) EX X[ ] , c = Net  Worth( ) EX X[ ] , d = 0 , and u X[ ] = v X[ ] = E
X
X[ ] ; and for (5), 

a = 1, b = ! Net  Worth + Net  Income( ) E
X
X[ ] , c = d = Net  Worth + Net  Income( ) EX X[ ] , and 

u X[ ] = v X[ ] = w X[ ] = E
X
X[ ] . 


