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Common Claim Frequency Distributions

Binomial Distribution, X ~ Binomial(n, p):

ot

where x €0,1,2,...,n, n€1,2,...,and p €[0,1],
E[X] = np, and Var[X] = np(l - p).
If X ~ Binomial(l, p), then X ~ Bemoulli( p).

If X, ~ Binomial(nl, p) and X, ~ Binomial(nz, p) are independent random

variables, then X, + X, ~ Binomial(n1 +n,, p).



Poisson Distribution, X ~ Poisson(A):

A
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Plin)- 2
where x €0,1,2,...,and A € (O,OO),
E[X]|=4,and Var| X]=2.

If X, ~ Poisson()\,l) and X, ~ Poisson()\z) are independent random
variables, then X, + X, ~ Poisson()\1 + 7\7)



Negative Binomial Distribution, X ~ Negative Binomial(r , p):
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where X) 0,1,2,.., 1) 1,2,..,and p) [0,1].

E[X]= r(1'|'o p),and Var| X | =

-

Ifr=1,then X ~ Geometric( p).

If X, ~ Negative Binomial(rl, p) and X, ~ Negative Binomial(rz, p) are independent

random variables, then X, + X, ~ Negative Binomial(r1 +1,, p).



The Normal Approximation

Central Limit Theorem:

If X, X,,...X, ~iid Fy(x)such that u=E|X]<o and 0® =Var| X | <
both exist, then

Pr{()j(/:/g < z} —Pr{Z <z} =2

as n — ©,



The central limit theorem often allows one to assume that the sample mean, X, is

2 n
approximately Normal( u, G—) , or that the sum E X. is approximately
n

i=1

Normal(nu, naz).

The normal approximation becomes more accurate as the sample size, n, increases.
For many applications, n should be > 25.

For a fixed sample size, the accuracy of the normal approximation is generally
better for random variables X, that are less skewed.



Continuity Correction for Discrete Distributions:

Suppose that one wishes to use the normal approximation to find

Pr{asYsb}, Pr{asY<b}, Pr{a<Ysb}, or Pr{a<Y<b},

where Y is a discrete random variable defined on the integers,
and a and b are both integers.

In modeling Y as a continuous normal random variable, it is more
precise to recognize the discrete nature of a and b by either adding

.1 .
or subtracting > from these values when standardizing Y.



Let E[Y]|=pand Var[Y]|=0?. Then:

or

ansYsb}an—————

an<Y<b}an—————




Individual Risk Model, Finite Period

Let S &€ [0,00) denote the total claim cost for a given number of exposures

in a specified policy period.

Under the individual risk model, S = X,, where X, =I,B, and
i=1
7= {1 if exposure i has a claim

i I

~ Bernoulli(g. ],
0 otherwise (q )

B, denotes the size of claim i if [, =1.

Usually, 1,,1,,...,1, are assumed to be independent random variables,
B,B,,...,B, are assumed to be independent random variables,
and the /, and B, are assumed to be independent.



To find E[S|= E[X;] and Var[S] - Var X; ], note that
i=1 i=1

E[X,]-E [Ex, [xi\li]] - qE[B]

and

Var[ X;] = E[Var [ ‘I]]+Var[ [ i ]] quar[B,]+(E[B,])zqi(l#qi).



Note that F; (s) can be obtained by conditioning, as follows (for n =2):
FS(S) =Pr{ + X, < S} f Pr{ + X, < S‘X = xz}fX (xz)a’x2
= fOSFX1 (S — xz)fX2 (xz)a’x2 :

FS(-) is a convolution of F), (°),FX2 (°),...,FXn (), Le., Fy=F *Fy *..%Fy .

This operation obeys the commutative and associative properties.

Another way to obtain FS() 1s to consider that
M(t) =My (t)x My (t)x..x M, (t),

and then invert the moment generating function of §. This inversion is
often analytically intractable.




Norma Approximation

From the central limit theorem, we know that for large »,

S ~ approximately NormExﬁE[Xi],iVar[Xi]).
i=1 i=1

If the X, arei.i.d. random variables, then
S—nE[Xl.] S—I’ZE[XZ.]

FS(S) - Pr{\/nVar[Xl] ) \/nVar[Xi] } ~¢

S—nE[Xl.]

\/nVar[Xl.]




Insurer Solvency over a Finite Period

Let:

u denote insurer net worth at the beginning of a period, and
Total Premium = £ [Total Claim Costs] + Security Loading = £ [S] + OF [S ] ,

where 0 = Relative Security Loading.

Then

w(u,l) = Pr{insolvency in 1 period‘u} = Pr{u + (1 + H)E[S] -S= O}

= Pr<

>

5 nE|X,| u+ HnE[Xl.]\

s~ | — P

\\/nVar[Xl.] \/nVar[Xl.] |

u+6nE| X, |

\/nVar[Xi] .

If w(u,l) 1s required to be less than or equal to some small probability € >0,

then

u+nbE| X,

\/n Var[Xl.]

Zq)‘l(l_g) =z = U, =zg\/nVar[Xl.:| —nHE[Xi].



How 1s w(u,l) affected by the various parameters (u,H,E[X l.], Var[X l.], and n)?

Note that M <0 and M <0.
ou 00

u+6nE| X,

e \/nVar[Xi]

Furthermore, if we assume lp(u,l) , then

&w(u,l)

on 6E| X, ] >

,and lim (u,1)

dlp(u,l)

What happens to

and lim y(u,1) if:
n n—o
(1) uxAn? () 6=0?



What is the meaning of the law of largenumbers?

What is the benefit of pooling many risks?

Suppose that instead of buying traditiona insurance, the n policyholders smply

pool their risks; i.e., each policyholder pays X = 1EXZ..
n i=1

What are the advantages and disadvantages of thistype of pooling?



