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Collective Risk Model, Infinite Horizon (Continued)  

 

The Random Variables     

! 

L1, L2 ,L3 ,... 

 

Let: 

    

! 

t0 = 0, 
    

! 

t1 = inf t :  U t( ) < U t0( ) = u{ } , 
    

! 

t2 = inf t > t1 :  U t( ) < U t1( ){ }, 

    

! 

t3 = inf t > t2 :  U t( ) <U t2( ){ }, etc., and 

    

! 

L
i
=U t

i"1( ) "U t
i( )  for all     

! 

i #1 such that   

! 

t
i
<$. 

 

Then 

    

! 

U t1( )  denotes the first net worth level below the initial level   

! 

u  (if     

! 

t1 <$), and 

    

! 

L1 = u "U t1( )  denotes the amount by which the net worth falls below   

! 

u  at     

! 

t1. 



Result:  If 
  

! 

U t( ) has a Compound Poisson loss process, then 

 

    

! 

Pr t1 <" and U t1( )# u $ y $ dy,  u $ y( ){ } =
1$ FX y( )

1+ %( )E X i[ ]
dy , for     

! 

y > 0. 



Since 

    

! 

1" FX y( )
1+ #( )E X i[ ]

dy = Pr t1 <$ and U t1( )% u " y " dy,  u " y( ){ }  

          
    

! 

= Pr U t1( ) % u " y " dy,  u " y( ) t1 <${ }Pr t1 <${ }  

          
    

! 

= fL1
y( )dy Pr U t( ) < 0 u = 0{ } , 

 

it follows that: 

(1)  

    

! 

& 0( ) = Pr U t( ) < 0 u = 0{ } =

1" FX y( )
1+#( )E X i[ ]

dy
0

$

'

fL1
y( )dy

0

$

'
=

1

1+#
, and 

(2)  

    

! 

fL1
y( ) =

1" FX y( )
E X i[ ]

. 



Further results: 

 

(1)  

    

! 

E L1[ ] =
E X i

2[ ]
2E X i[ ]

, 

    

! 

M L1
r( ) =

M
X

r( ) "1

E X
i[ ]r

; 

(2)  
    

! 

X i ~ Exponential #( ) $  
    

! 

L1 ~ Exponential #( )  (because of the 

       memoryless property); 

(3)  

    

! 

M = Max i :  t
i
<%{ } ~ Negative Binomial r =1, p = 1"& 0( ) =

'

1+'

( 

) 
* 

+ 

, 
- ; and 

(4)  
    

! 

L1, L2, L3,...,LM ~ i.i.d. FL1
.( ). 



Maximal Aggregate Loss 
 

Let 
    

! 

L = L
i

i=1

M

" = Max
t#0

u $U t( ){ } = Max
t#0

S t( ) $ ct{ } denote the maximal aggregate loss. 

Then 

    

! 

E L[ ] = E M[ ]E L1[ ] =

1
1+%
%

1+%

E X
i

2[ ]
2E X

i[ ]
=

E X
i

2[ ]
2%E X

i[ ]
. 



Connection with 
  

! 

" u( ) 

 

Consider that for     

! 

u # 0, 

    

! 

1$" u( ) = Pr U t( ) # 0 for all t{ } = Pr S t( ) $ ct % u for all t{ } = F
L

u( ). 

Then, for     

! 

u = 0, 

    

! 

1$" 0( ) = F
L

0( ) = Pr L = 0{ } &  Pr L = 0{ } =
'

1+'
 (point mass). 

 

Result: 

    

! 

M
L

r( ) =
'E X

i[ ]r
1+ 1+'( )E X

i[ ]r $ M
X

r( )
=

'

1+'
+

1

1+ '

( 

) 
* 

+ 

, 
- 

' M
X

r( ) $1[ ]
1+ 1+'( )E X

i[ ]r $ M
X

r( )
. 



Let 
    

! 

X j ~ Mixture of Exponentials; i.e.,  

    

! 

f X x( ) = Aj" je
#" j x

j=1

n

$ , where 
    

! 

Aj > 0, 

    

! 

Aj

j=1

n

$ =1. 

Then 

    

! 

M X r( ) = Aj

" j

" j # r
j=1

n

$  and 

    

! 

1

1+ %

& 

' 
( 

) 

* 
+ 

% M X r( ) #1[ ]
1+ 1+%( )E X i[ ]r # M X r( )

 may be expressed as 

    

! 

Cj

rj

rj # r

& 

' 
( ( 

) 

* 
+ + 

j=1

n

$ , implying that 

    

! 

, u( ) = Cje
#rj u

j=1

n

$ . 



Approximation of Probability of Insolvency 

 

Assume that 

    

! 

1" F
L

u( ) =# u( ) $
1

1+ %
e
"Ku &  1" F

L
u( )[ ]du

0

'

( $
1

1+ %
e
"Ku

du
0

'

(  

    

! 

&  E L[ ] $
1

1+%( )K
 &  K =

2%E X
i[ ]

1+%( )E X
i

2[ ]
. 

Then 

    

! 

# u( ) $
1

1+ %
exp "

2%E X
i[ ]

1+%( )E X
i

2[ ]
u

) 

* 
+ 

, 
+ 

- 

. 
+ 

/ 
+ 

, which is exact if 
    

! 

X
i

~ Exponential 0( ) . 



Collective Risk Model, Diffusion Approach  
 

Let 
  

! 

U t( ) denote the insurer net worth at time     

! 

t " 0, where 
    

! 

U 0( ) = u > 0 is the 

initial net worth. 
 

Under certain assumptions, 
  

! 

U t( ) is specified by the solution of the 

stochastic differential equation 
 

  

! 

dU t( ) =#U t( )dt + b U t( )( )dZ t( ), 

 
where: 

 

! 

#  denotes the infinitesimal drift, 

  

! 

b U t( )( )  denotes the infinitesimal standard deviation, and 

  

! 

Z t( )  is a standard Brownian motion.  



Let: 
 

    

! 

u * denote the minimum net worth requirement, and 

    

! 

T = inf t :  U t( ) " u *{ } .  

 

Then the Laplace transform, 
  

! 

#
z

u( ) = E e
$ zT

u[ ] , for     

! 

z % 0, is given by 

    

! 

z#
z

u( ) $&u#
z

'
u( ) $

1

2
b

2
u( )# z

''
u( ) = 0, 

subject to the boundary conditions 
    

! 

# u *( ) = 1 and 
  

! 

# (( ) = 0. 



Let   

! 

KT  denote the cost of insolvency at time   

! 

T . 

 

If 
    

! 

KT = K0 1+ k( )
T

 for some annual rate of increase   

! 

k , then the 

expected discounted cost of insolvency is 
 

    

! 

EDCI = E
KT

1+ j( )
T

" 

# 

$ 
$ 

% 

& 

' 
' 

= K0() ln d k( )( ) u( ) , where 
    

! 

d k( ) =
1+ k

1+ j
. 

 

Note that for     

! 

K0 =1 and 
    

! 

d k( ) = 1, 
    

! 

EDCI =* u( ) = Pr T <+u{ } . 



Result:  If 
    

! 

b
2 "( )  is concave downward, then   

! 

# u( ) is bounded above as 

    

! 

# u( ) $

2u *

u
+

1

%

b
2

y( )
y3

dy
u

&

'

1(
u *

u

) 

* 
+ 

, 

- 
. 

2
. 

 
It then follows that: 
 

(1) 
    

! 

lim
u/&

 # u( ) = 0, and  

(2) 

    

! 

lim
u*/0

 # u( ) $
1

%

b2 y( )
y3

dy
u

&

' .  


