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Collective Risk Model, Finite Period

Let SE [0,00) denote the total claim cost for a given number of exposures

in a specified policy period.

N
Under the collective risk model, S= 2 X., where
i=1
N denotes the total number of claims,
X, denotes the size of claim i.

Usually, X, X,,..., X, are assumed to be 1.1.d. random variables,
and N and the X. are assumed to be independent.

Note that in this model it is possible for one exposure unit to generate more
than one claim during the policy period.

Note also that the individual risk model in which the B are 1.1.d. is a special case of

the collective risk model in which N = E |, and X, =B forall i such that |, =1.

i=1




Observe that

E[S] = Eu|Egn[SIN]] = E[N]E[ X ] and

var[s] = E,|Var,, [SN]] +Var, [Eg, [SN]] = E[N]var[ x ] + (E[x]) var[N].

Note that F (S) can also be obtained by conditioning:
N 00 n
)=E [FS (siN) ] =E, Pr{z X < #N} = EPr{E X < S}Pr{ N =n}
i=1 n=0 i=1

=N F () PN =n}, where FV=F, +F, «..+F, .
E )(s)P{ N =n}. Ry, n

Moreover, M ( [ln ))l :



Special Compound Distributions

If N ~ POiSSOIl()\.) then S ~ Compound Pmsson(A )
= E[s]-2£]x.], Var[S]=AE[ ,-] ()= tH]

If N ~ Negative Binomial(r, p), then S ~ Compound Negative Binomial(r, p.F, ())

= £[5]- (- )E[X] Var[S] - (1-7) {E[Xf] ML (E[X])z}

p P p




Note that if ¥ ‘A ~ Poisson(A) , then:

(1) A=A = N ~ Poisson()u), and

(2) A~ Gamma(a, /3) = N ~ Negative Binomial(r =, p= /3[3 1).
+



Results for the compound Poisson distribution:

(1) If §,,5,,...,S, are independent random variables such that S, ~ C.P.()Ll.,E('))

for all i, then S = iSi ~C.P.(?»= i)&-an(') = i%ﬁz()
i=1

i=1 i=1

(2) If N, N,,..., N, are independent random variables such that N, ~ Poisson()»l.)

for all 7, then S=§xlNl.~C.P( E)“nfx( ) forallz)

3) If S = ExN C.P (4,7, = fy(x,) forall i), then N, N,,..., N, are

1ndependent random variables such that N, ~ Poisson()»i = )url.) for all i.



Normal Approximation

If S~ Compound POiSSOH()L, F, ()), then, from the central limit theorem,

we know that for large A,
S ~ approximately Normal()LE[ X, ], AE[ Xi2 D :

Thus,

FS(S) = Pr-




Insurer Solvency over aFinite Period

Let:
u denote insurer net worth at the beginning of a period, and
Total Premium= £| Total Claim Costp+ Security Loading- £[ S|+ 6E|S],

where 6 = Relative Security Loadir.

Then
(u,1) = Pr{insolvency inl perioqu} = Pr{u +(1+ 0)E[S]- S < O}

~N

S-AE[X,| u+6AE[X,] ot OAE| X,
> - =1 — .
)LE[XZ.Z] )»E[Xiz] ; /)»E[Xiz

If (u,1) is required to be less than or equal to some small probability & > 0, then

T O s B

)LE[XI.Z]

= Pr;




How is w(u,l

N —

affected by the various parameters (U, 0, E[ X ], E[ Xiz], and A)?

M <0 and
ou

Note that <0.

u+ H)LEI: :

Furthermore, if we assume w(u,l) =]-P '] , then

AE[xf]

mp(u,l) —0at A= —o ,and lim I/J(U,l)

A 6E| X ] s .

ap(u,1)

and lim w(u,l) if:

A—>0

What happens to
My ucyA?  (2) 8=0?



Compound Poisson Approximations to the Individual Risk Model

Recall that under the individual risk model, S = E X,;,where X, =1B, and

i=1

; ~ Bernoulli(qi) :

I 1 i1f exposure i has a claim
0 otherwise

B, denotes the size of claim 7 if 7, =1.

(Usually, /,,1,,...,1, are assumed to be independent random variables, B,,B,,...,B, are
assumed to be independent random variables, and the /, and B, are assumed to be

independent.)



Recall also that




Now consider that

Pr{N =17, = 1}Pr{7, = 1}

Pri/, =N =1} =— o [
YN =11, =1{pr{1, =1} Ng,
j=1 J=1

where the approximation results from

Pr{N = 1‘1]. = 1} = H(l — qk) ~ constant for small g, .

k= j



Therefore, given that one claim occurs (i.e., N =1),
the marginal distribution function of the claim amount, B, is given by

Fy(x) = By (x|N =1) - El.[F

B\i,N=1

(x]i. v = 1)] - E[Pr{B, < xfi.N = 1}]

- iPr{Bl. <x|N =1}Pr{7, =N =1} = in"—fFBi (x[v =1) = ELF
i=1

i1 i1
q;

=1 -1



Two Compound Poisson Approximations

(1) S ~ approximately C.P( Eq Fy()= E%FB ()|
=1
This approximation preserves E[N ] and E[S] but not Var[N ] and Var[S].

(2) S ~ approximately C.P.[;L = i—ln(l ~q,).Fy () = E _ln(lw_ ) Fy ()]
i=1 i=1 }L

-A

This approximation preserves Pr{N 0} =



Note that for ¢ " (O,l), q <#1n(1#q), and so $< ;B

This follows from:

2

(1) 1#q+%#L >1#q % &> % #q>n(l#g) % g <#In(1#4);or

% &(l+t+t2+L )dz: &ﬁdt

% q+%+%+|_ =-In(l-q) % g <#In(1#q).



