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The ÒBig PictureÓ 
 
Probabi l i ty vs. Statisti cs 
 
¥ What is the difference between probability theory and statistical inference? 
 
 Probability Theory:   
 We are given 

        
X = X

1
, X

2
,K, X

n
~ F X!( ), where   X  is unknown, but !  is known. 

 We want to know the properties of   X ,     g X( ) , etc. 
 
 Statistical Inference:   
 We are given         X = X1,X2,K ,Xn ~ F X!( ) , where !  is unknown, but   X  is  known.   
 We want to estimate ! . 
 
Approaches to Statisti cal  Inference 
 
¥ Frequentist Methods vs. Bayesian Methods. 
  
¥ Point Estimation vs. Interval Estimation. 
 
 Frequentist Methods  Bayesian Methods 
 

Point Estimation: 
 
MLE.  Find 

      
ˆ !  = T X( ) that maximizes  Posterior Mode.  Find       

ö !  = d * X( ) 

l ikelihood function, 
    
L !( ) = f Xi !( )

i =1

n

" .    that maximizes posterior density,  

   
      
! " X( ) = f Xi "( )

i =1

n
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Minimum MSE.  Find     T X( ) that  Posterior Mean.  Find       d * X( ) that 

minimizes mean squared error,   minimizes 
      
E! EX ! d X( ) " !( )2

![ ]# 
$ % 

& 
'  ( ;  

      
MSE T X( )[ ] = EX T X( ) !"( )

2[ ]   this yields posterior mean,     

      
= EX T ! EX T[ ]( )2[ ] + EX T[ ] !"( )2

  
      
d * X( ) = E! X ! X[ ] . 

      
= Var T X( )[ ] + Bias T X( )[ ]( )2

. 
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Interval Estimation: 
   
Confidence Intervals.  Fix confidence Bayesian Interval Estimates.     
level,   1! " .  Using sampling density,  Select   1! " .  Using posterior density,   

    f X!( ) = L !( ) , find       a1
X( ), a

2
X( )  such that  

  
! " X( ) , find     a1 , a2  such that   

      Pr a
1

X( ) ! " ! a
2

X( ){ } = 1 #$ , then insert     Pr a1 ! " ! a2{ } = 1#$ . 
observed   X . 
 
 
¥ Maximum likelihood estimation is analogous to using the Bayesian posterior mode 

because the posterior density is given by  

  
      
! " X( ) = f Xi "( )

i =1

n
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= L !( )" !( ) f Xi( )

i=1

n

# .  

 Since 
    

f Xi( )
i =1

n

!  is constant w ith respect to ! , it follows that maximizing the posterior 

density over !  is equivalent to maximizing   L !( )" !( ). 
 
¥ Minimum MSE estimation is analogous to using the Bayesian posterior mean 

because  

  
      
E! E

X ! d X( ) " !( )
2
![ ]# 

$ % 
& 
' ( = E

X
MSE d X( )[ ][ ] . 

 
¥ After the vector of observations   X  is inserted into       a1 X( ), a2 X( )  to construct a 

confidence interval, it is not appropriate to say that this interval includes !  w ith 
probability   1! " .   

 (This is because !  is not treated as a random variable, and the only random quantity 
is   X , before it is observed.)   

 
 Rather, one can say that the interval includes !  w ith confidence   1! " , which means 

that if the same procedure were performed with a large number of independent 
samples, then the proportion of intervals including !  would be approximately   1! " . 

 
¥ In the case of Bayesian interval estimates, it is entirely appropriate to say that the 

interval     a1 ,a2( )  includes !  w ith probability   1! " . 
 
Combining Observations (the Credibi l i ty Problem) 
 
¥ Let 

      X1,X2,K,Xn be independent (but not necessarily identically distributed) random 
variables, where 

  
E X

i[ ] =!  and     Var X
i[ ] = !

i

2 . 
 
 Consider only l inear estimators of ! , i.e., estimators of the form 

 
    
ˆ !  = w

0
+ wi Xi

i =1

n

" , for some vector of constants 
        w = w

0
,w

1
,K ,wn[ ]

T
. 
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¥ Frequentist Approach (Using Minimum MSE):   
 
 What values should the components of   w  take to minimize 

      
MSE T X( )[ ] = EX T X( ) ! "( )2[ ]? 

 

 First note that       
MSE T X( )[ ] = Var T X( )[ ] + BiasT X( )[ ]( )

2
. 

 Let 
    

wi
i=1

n

! = c, for any given constant   c.  Then 
      
BiasT X( )[ ]( )2

= w
0

+ c! "!( )2

.   

 Since !  is unknown, neither     w0 nor   c can depend on ! , and so the only way to 

make sure that       
BiasT X( )[ ]( )2

 is bounded for all !  is to set     c = 1.   
 
 Given     c = 1, it can be shown that: 

 (1)       
Bias T X( )[ ]( )2

 is minimized when     w0 = 0, and     Var T X( )[ ]  is unaffected by the  
  choice of     w0. 

 (2)  For       i = 1,2,K ,n , the 
  
w

i
 that minimize     Var T X( )[ ]  are given by 

    
wi =

1

! i
2

1

! j
2

j =1

n

" . 

  
 This yields the estimator 

  
      

ö !  = T X( ) =
1

" i
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¥ Bayesian Approach (Using Posterior Mean): 
  

 What values should the components of   w  take to minimize 
      
E! E

X ! d X( ) " !( )
2
![ ]# 

$ % 
& 
' ( ? 

 
 From above, we know that 

      
d * X( ) = E! X ! X[ ] . 

 Let 
      
Var

X ! Xi ![ ] =" i
2
!( ), which may depend on the parameter ! , and let !  have a 

prior distribution w ith mean µ  and variance   !
2 . 

 
 Result:  If the sampling distribution of each 

  
X

i
 is a member of the linear exponential 

family, and if the prior distribution of !  is conjugate to this sampling distribution, 
then  
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