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Abstract

This paper discusses alternative methods for determining returns to scale in DEA. The methods for estimating
returns to scale in DEA, as developed by Banker (1984), Banker, Charnes and Cooper (1984) and Banker and Thrall
(1992), are proved to be conceptually equivalent to the two-stage methods of Fare, Grosskopf and Lovell (1985)
when their assumptions apply. Here the emphasis is on the CCR model of DEA and very simple methods are
introduced for determining returns to scale locally with this model by reference to Banker’s concept of Most

Productive Scale Size.
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1. Introduction

Charnes, Cooper and Rhodes (1978, 1981) in-
troduced the CCR model of Data Envelopment
Analysis (DEA) to evaluate the relative efficiency
of decision making units (DMUs). Banker,
Charnes and Cooper (1984) subsequently intro-
duced the BCC model which separates technical
efficiency and scale efficiency. Later, Banker
(1984) showed how the CCR formulation can be
employed to estimate most productive scale size
(MPSS) and returns to scale (RTS). More re-
cently, Banker and Thrall (1992) showed that the
BCC and CCR methods of returns to scale esti-
mation in Banker (1984) and Banker, Charnes
and Cooper (1984) are equivalent.

* Corresponding author.

Fire, Grosskopf and Lovell (1985) provided an
alternative method for the estimation of returns
to scale using DEA. Several recent studies (e.g.,
Chang and Guh, 1991) have regarded their esti-
mation of returns to scale as being conceptually
different from Banker et al. (Banker (1984);
Banker, Charnes and Cooper, 1984; Banker and
Thrall, 1992) and, indeed, Chang and Guh, 1991
characterize the Banker et al. method as invalid.
However, in this paper we show that the two
methods are equivalent !. Finally, we introduce a
way to implement CCR model results which dis-
penses with the need for assumptions like ‘strong’
and ‘weak disposal’, as used by Fire, Grosskopf

! See also Fire and Grosskopf and Banker, Chang and
Cooper (1995) for simulation results that also support what is
said here.
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and Lovell (1985), as well as the need for assum-
ing that technical efficiency has already been
achieved, as in Banker and Thrall (1992). Numer-
ical examples illustrate these uses.

2. DEA models and estimation of returns to scale

We begin by describing the BCC and CCR
methods for estimating returns to scale in DEA.
The following formulation is referred to as the
BCC model (Banker, Charnes and Cooper, 1984):

hB = min h (1.0)
subject to

Y A X <hX,, (1.1)
j=1

Y AY Y, (1.2)
j=1

YA =1, (1.3)
j=1

h,A; 20, (1.4)

where X; and Y, are vectors of observed inputs
and outputs, respectively, for each of n DMU,
and X, and Y, represent the one to be
evaluated 2.

The following is referred to as the CCR model

(Charnes, Cooper and Rhodes, 1978):

hS =min h (2.0)
subject to

Z A X <hX,, (2.1)
j=1

Z AY. 22X, (2.2)
j=1

h,A;20. (24)

2 1In this paper we restrict attention to input-oriented
models. See Banker et al. (1989) for other types.

In the above two problems the BCC efficiency
measure h? provides a measure of technical effi-
ciency and the CCR efficiency measure AS is
aggregate technical and scale efficiency. Then, as
in (Banker, Charnes and Cooper, 1984), the scale
efficiency 43, is defined by the ratio 4S/hB. Evi-
dently A5 =hS/hB < 1, which follows from AS <
hB because the program in (1) is more con-
strained than (2).

Before proceeding we should note that we
depart from Banker, Charnes and Cooper (1984),
and other parts of DEA, by not attending to
non-zero slack as sources of inefficiency in the
above models. This means that any non-zero slack
represents an excess that has no value and can be
disposed of without cost or trouble. Given the
name ‘free disposal’ by Koopmans (1957, p. 14) 3,
it is further refined to ‘strong’ and ‘weak’ dispos-
ability by Fire, Grosskopf and Lovell, who use
this assumption in their treatment of returns to
scale. We do not elaborate further on this topic,
however, but simply follow the usage of Fire,
Grosskopf and Lovell by assigning zero coeffi-
cients to the slack variables in the objectives of
the above models, just as is done in ordinary
linear programming (Fire, Grosskopf and Lovell,
1985, pp. 178 ff.; Byrnes, Fire and Grosskopf,
1984, p. 672).

Banker (1984) shows how we can determine
the situation for returns to scale locally at the
levels represented in (X,,Y,) by examining the
value of Z};l/\}‘, obtained from the CCR model
when that sum is uniquely determined. 4 Banker
and Thrall (1992) subsequently extended this to
situations when alternative optimal solutions exist
for X7_;A; — where **’ means an optimal value.

Formally, the BT conditions are as follows,
where the reference is to returns to scale locally,

3 See also Koopmans (1951).

We note that the occurrence of alternative optimal
solutions with different values of Z7_; A} is not very likely in
empirical applications because this requires some of the CCR
efficient observatons to be linearly dependent. This can be
seen from Fig. 1 where for multiple optimal solutions ( X B, ¥ B)
and (X, Y), we must have k(X BYB)=(X°,Y°) for some
k > 0 (Zhu and Shen, 1992, 1993; Ganley and Cubbin, 1992).
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CCR Returns to Scale Theorem (Banker and
Thrall, 1992).

If ¥7_1A; =1 in any altermate optima, then
constant returns to scale prevail.

If X7_1A7>1 for all alternate optima, then
decreasing returns to scale prevail.

If T7_A; <1 for all alternate optima, then
increasing returns to scale prevail.

An alternative approach to the estimation of
returns to scale is provided by Banker, Charnes
and Cooper (1984) in terms of the dual to the
linear program in (1), which we formulate as

hB =max UY, +u, (3.0)

subject to

UY,-VX;+u,<0 forj=1,...,n, (3.1

VX, =1, (3.2)

U=0,V=>=0,and u, is unconstrained in sign,
(3.4)

where U and V are vectors of dual variables
associated with the vectors Y, and X;, respec-
tively.

If we have a unique optimal solution to (3),
then constant returns to scale correspond to u,
= 0, increasing returns to scale correspond to
u, >0, and decreasing returns to scale corre-
spond to u, <0 considered over all alternate
optima and when we are on the Efficient Produc-
tion Frontier. > Banker and Thrall (1992, pp.
79-82) generalize this to the case of multiple
optimal solutions. This is done by introducing
new variables u_ and u_ which represent opti-
mal solutions obtained by solving (3) with one
more constraint, viz.,

UY, +u, =1, (3.5)

> Banker and Thrall (1992) assume that radial technical
efficiency has been attained but this is not necessary in the
uses we make of the CCR model. Banker, Bardhan and
Cooper (1996) show how to eliminate this assumption when
using the BCC model and we eliminate it here for the CCR
model.

after replacing X; with hX;, and replacing the
objective function in (3.0) by either

ug =maxu, (3.1a)
or
Uy, =max —u,. (3.1b)

Banker and Thrall (1992) also prove the fol-
lowing theorem:

BCC Returns To Scale Theorem (Banker and
Thrall, 1992). Increasing returns to scale prevail at
the point (X,,Y,) on the efficient production fron-
tier if and only if uj>u} > 0; constant returns to
scale prevail at (X,,Y,) ifand only if u;>0>u};
and decreasing returns to scale prevail at (X,,Y,) if
and only if 0>uj>u;.

Banker and Thrall (1992) also show that the
alternative methods incorporated in the above
two theorems are equivalent. Specifically, they
show in Corollary 2 (p. 81) that the sign of u_ in
(3) is the same as the sign of (1 — Z7_;A7) in (2)
for all optimal solutions if the CCR efficiency
estimate is not equal to one and in some optimal
solutions if it is equal to one. This alternative
definition, based on the sign of u., focuses on
the supporting hyperplane to the production pos-
sibility set, and highlights the fact that the con-
cept of returns to scale is unambiguous only at
points on the efficient sections of the production
frontier. Clearly, when (X_,Y,) is an interior (in-
efficient) point, the estimated returns to scale
may depend on whether we move to the frontier
by contracting inputs or by augmenting outputs.
See the discussion in Banker, Bardhan and
Cooper (1996).

Fire, Grosskopf and Lovell (1985, p. 180) sug-
gest the following two-step method to estimate
returns to scale. In the first step, the BCC and
the CCR models in (1) and (2) are solved to
determine the scale efficiency A3, as the ratio of
hS to AP as in Banker, Charnes and Cooper
(1984). A value of A5 =1 indicates constant re-
turns to scale at (X,,Y,) and a value of A3 <1
indicates nonconstant returns to scale at (X, ,Y,).
In the second step, when A3 <1, the following
linear program is solved to determine whether
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the scale inefficiency is associated with increasing
or decreasing returns to scale:

h¥ =min h (4.0)
subject to
n
YA X <hX,, (4.1)
j=1
AY.>Y,, 4.2
177 o
j=1
Y A <1, (4.3)
j=1
h,A;20. (4.4)

We denote the DEA efficiency estimate ob-
tained from (4) by AE. Clearly, hS < h% <h2 since
the linear program in (4) is more constrained
than that in (2) but less constrained than that in
(1). Fire, Grosskopf and Lovell (1985) state that
increasing returns to scale prevail if 45 <1 and
hF = hB, and decreasing returns to scale prevail if
hS <1 and AE <hB.

Chang and Guh (1991), among others, appear
to believe that this two-step FGL method is con-
ceptually different from the Banker et al. method.
Via the following theorem, however, we show
that these alternative approaches for estimating
returns to scale for any DMU are equivalent.

Theorem. (a) There exists a solution of the CCR
model with L7_ A} =1 if and only if h=1. (b)
All alternative optimal solutions of the CCR model
have £?_\A; > 1 if and only if h3 <1 and h =
(c) All optimal solutions of the CCR model have
L7_1A; <1if and only if k3 <1 and h§ <h}.

Proof of Theorem. (a) If there exists a solution to
the CCR model in (2) with X7_,A} =1, the CCR
solution is feasible for the BCC model in (1)
because the additional constraint ¥7_;A;=1 in
the BCC model is obviously satisfied. Therefore,
hS=h3 and hS=1. Conversely, if h3=1 and
hC h‘3 then a BCC solution also solves the
CCR problem with X7_;A7 = 1. Therefore, there
exists an optimal solution with X7_;A; =1 if and
only if A5 = 1. This proves part (a) of the theo-
rem.

We require the following lemma to prove the
remaining two parts of the theorem:

Lemma. If there exist two alternative optimal solu-
tions to the CCR program in (2), one with
LAV <1 and the other with ¥7_A;P > 1,
then there exists an alternative optimal solution to
() with T7_A;P = 1.

Proof of Lemma. Let a, =
=TI A;@ < 1. Define a;=(a, -
S0 that 0 < a5 < 1. Next, define
/\*(3) =(1—-a3)A; P +a, )t*(z) i=1,.

Then it is easy to verify that {AS, *(3), e,
A®, AL constitutes an optimal solution t0
the CCR program in (2) and

Z)\(3)-(1—a3)2)t*(1)+a ZA(Z)"I O

j=1 j=1 j=1

LA ®>1 and a,

D/(a; —a5)

Proof of Theorem (continued). With this lemma
in hand we now move to proof of parts (b) and (c)
in the above theorem as follows: We start with
part (¢). If X7_ ;A" <1 for all alternative solutions
to the CCR program in (2), then it follows from
part (a) of the theorem that hS < hB. Also, in this
case, the solutions to the CCR program are feasi-
ble for the linear program in (4) and therefore,
hE = hS < hB. 1t also follows from the lemma that
if 45 < 1 and there exists no optimal solution with
Z}’=1A}‘ <1, then we must have ):;Ll)\; > 1 for all
alternative optimal solutions. This proves part (c)
of the theorem.

Next we turn to part (b) of the theorem. If
L7 1A} >1 for all alternative solutions to (2),
then it follows from part (a) of the theorem that
hS <hB and so hS < 1. Let, if possible, hf < hB.
Let )t*(l) be an optlmal solution to (2) with a, =
):"_l)t 7> 1, and let A} be an optimal solution
to (4) with a, = £7_,A;® < 1. Define

A;<3>=(1—a3))t,<1>+a3)t;(2>, j=1,....n,

1)/(a, —a,) < 1. Then,
n

LAO=(1-a3)e; +aza, =1,

j=1

Z A OY, = Z[(l as)A; D + a2 Y,
j=1 j=1

>(1-a3)Yy+a3Y =Y,

where 0 <a; = (a; —
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and

n
Y AOX, < (1-a3)hS X, + AR5 X,
j=1

= [(1 —a3)h§ + a3h£]X0.
Therefore,
hB < (1 =a;)hS + ashE < (1 —a3)hB + a;hB
=hB

which is a contradiction. Hence we conclude that
it is not possible to have hf <hB in this case.
Thus, Af =hB.

The converse implication (the ‘only if* part) for
parts (b) and (c) follows immediately because the
conditions specified in the theorem are mutually
exclusive and exhaustive. [

3. Alternate optima and non-zero slack

Banker, Bardhan and Cooper (1996) show how
to identify returns-to-scale possibilities from the
optimal value for u, in (3) without having to
examine all alternate optima when the BCC
model is used. We now similarly eliminate the
need for examining all alternate optima when
implementing the ‘CCR Returns to Scale Theo-
rem’ of Banker and Thrall, as given in Section 2
above.

To start we suppose that an optimal solution
with value AS has been obtained for (2) with
Z;’=‘)\f < 1. To check on alternate optima possi-

bilities we replace (2) with

T+ ):s) (5)

subject to

n
¥ XA, +8"=hiX,,

. S~ -~
M= 1=

-
I
—

A

where the components in the slack vectors §
and §*, as well as the components of the vector
A, are constrained to be non-negative. The sym-
bol £ > 0 refers to a ‘non-Archimedean’ element
which is smaller than any positive real number
and, to avoid having to specify ¢ explicitly, DEA
computer codes ® generally utilize a two-stage
process in which the sum of the slacks (as paren-
thesized in (5)) is maximized while fixing 4 at its
optimal value. Now we note that the usual formu-
las for the ‘CCR projections’ give

A — C ~A— . __

Xio=hsx;o—8 " <x;, i=1,....m,

A . + -

Vo=Yrot8 "=y, r=1,...s, (6)
where the §7 " and §* with non-negative values

respectively represent optimal components of the
slack vectors §; and § in (5). As shown in
Charnes, Cooper and Rhodes (1978), the £;, and
9,0 in (6) are coordinates of points on the effi-
ciency frontier. Because the values of L7_ A are
maximal, the following theorem is immediate:

Theorem. Given the existence of an optimal solu-

tion with L7_;A; <1 in model (2), returns to scale

at (X,,Y,) are constant if and only if ¥7_ A7 =1

and returns to scale are increasing if and only if
1o1A7 <1in (5).

We are here Eestricting attention to solutions
of (5) with L7 1A} < 1. The example we provide
below will show how to treat situations in which
h§ is associated with solutions of (2) that have
values Y7_ A7 > 1. Before proceeding to these
examples, however, we introduce the following
projection formulas from Banker and Morey
(1986),

C — %
hoxio S; .
xlo— n > l=13 ’ms
*
AJ’
j=1
At x
A % yr0+sr
Vo= , r=1,...,s, (7)

% See Arnold et al. (1994) for general treatments and

theorems underlying the use of such non-Archimedean con-
cepts in DEA.
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Fig. 1. Linear dependency and MPSS.

where the ):;'=1):}‘ and the §7* and § " refer to
optimal solutions for (5). The projection opera-
tors (6) and (7) used together will help to eluci-
date what is happening 7.

For illustration, we assign the following coordi-
nate values to the points in Fig. 1:
A=(1,1),B=(3,2),C=(3,4),D=(4,5),
E=(4, 4%) (8)
with the first component an input and the second
an output. We have added E =(4,43) to the
points in Fig. 1 to represent a DMU which,
unlike the others, is not on either the CCR or the
BCC efficiency frontier.

For A, which is BCC but not CCR efficient in
Fig. 1, we substitute from (8) into (2) and write
hS = min h (9)
subject to
h=As+3Ag+3Ac+4Ap + 4Ag,

T<A +205+4Ac+5A + SAg,
0<As,Ap,AcsAp, Ag.

7 See Banker et al. (1995b) for a detailed treatment of
projection operators in DEA.

This problem has A4S =3 with alternate optima

represented by Ay =1 or AL=1 and all other
A” = 0. In either case, we have £7_;A; <1 and so

we utilize (5) to obtain

max Ay +Ag+Ac+Ap+Ag+e(§+5%)

subject to

(10)

A+ 3A+30c+4Ap+4A 4§,

ISIH
\%

Aa+2Ag+4Ac+5Ap + SAL + 57,

[y
IA

12 A, +Ag+Ac+Ap+Ag,

so that, here, Z};l):j =i, tAgt Ac+Ap+ Ag
with all A non-negative gives A} = 1 and all other
variables zero — from which it follows that in-
creasing returns to scale prevails for A. To see
how this relates to the MPSS (Most Productive
Scale Size) region of Fig. 1, we use (7) to obtain

I e U
o=t =3  Pi=—T—=2 (1))
2 2

and observe that this projects into B in Fig. 1 with
coordinates given in (8) — which is MPSS in the
sense of Banker (1984). Although it is not neces-
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sary to do so, we can use the alternate optimum
with A¢ = 4 for I7_ ;A7 and obtain
Vo=1/3=4, (12)

which projects into C - also MPSS - and, of
course, convex combinations of these alternate
optima may be used to obtain other points be-
tween B and C which are all MPSS.

To evaluate E in (8) we alter the terms on the
left in (9) to obtain

hS =min A (13)
subject to

dh=Ap+3Ag+3Ac+4dAp+40g,

cr 3,1
X5 =3%/3=3,

<A+ 25 +4Ac+ 50 + 20,
0<An,Ag,Ac,Ap,Ag.

We again have alternate optima with, now, AS
=Z for Ay =3 or AL= 3 and all other A" = 0.
Here we have £7_A; > 1 in both cases. So, pro-
ceeding in an obvious modification of (5), we
reorient the last constraint and the objective to

obtain
min(XA+XB thet+Ap +XE) —e(§7+35%)
(14)

subject to

O A+ 2 +3Ac+4A, +4h, +57,
2= A +2Ap+4he+5h, + AL —§Y,
1<Apy+Ag+Ac+Ap+Ag,

0<An, AgAc,Ap, Ag.

This has its optimum at AL =3 with all other
variables equal to zero and so, in conformance
with the Theorem for CCR models given in Sec-
tion 2, we conclude that decreasing returns pre-
vail at the point on the frontier to which this
solution is projected by (6).

Again for further insight, we use (7) to obtain
.. 27 9 3 . 9 9 4 >
=g /3=3 Vi=z/5=4 (15)
the coordinates for C in Fig. 1. Similarly an

application to A= 2, the alternate optimum to
(13), gives

2 =%/i=3  i=3/i=12 (16)

which are the coordinates for B.

We now note that C and B serve as the basis
members with positive coefficients in all of our
optima and that these are points in the interval
that is common to both the BCC and CCR effi-
ciency frontiers. All points in that interval formed
by convex combinations of B and C are MPSS
and these are the only points that are both CCR
and BCC efficient.

Using the above examples for guidance we can
see that the situation is general from the follow-
ing considerations. First, as shown in Ahn,
Charnes and Cooper (1989) a point which is
found to be efficient for the CCR model will also
be efficient for the BCC model (but the converse
is not necessarily true) so all such CCR efficient
points lie in the intersection of the CCR and
BCC efficiency frontiers. Second, as shown in
Charnes et al. (1978) a DMU can be part of an
optimal basis with a positive coefficient only if it
is efficient. Hence all members of an optimal
basis with positive coefficients lie in the intersec-
tion of the CCR and BCC efficiency frontiers.
The rest of what is needed follows from the other
properties of the efficiency frontiers of both the
BCC and CCR models — viz., such frontiers are
concave, monotonically increasing and continu-
ous. In short the associated frontier function is
‘isotonic’ in the manner described in Charnes et
al. (1985).

The following mathematical formulation shows
what is happening analytically. When (2) and (5)
are used to evaluate DMU, with input vector X
and output vector Y, we can write the optimal
solution as

=Y Pi;. (17)

j=1

Py =

hEX, -8+
Y,+5"

Here P is a point on the efficient production
frontier. It is the point used to evaluate DMU,
with coordinate values the same as those ob-
tained by using the CCR projection operators
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defined in (6). In short, the X* in (17) effect this
same projection and so our returns to-scale char-
acterizations are also obtained from these /\
values for points on the efficient production fron-
tier. Because Py is on the CCR efficiency fron-
tier, it has constant returns-to-scale. Hence the
Banker—Morey projection in (7) may be used to
bring Pg into MPSS, when desired, with no need
to adjust the observed mix to the efficiency pro-
portions required at MPSS because this has al-
ready been accgmplished by (17). In any case, the
value of X7_,A] serves to relate the scale at
which Py operates to what is required for MPSS
with ):;'_l)t < 1 when expansion is indicated and
L7_;A; > 1 when contraction is needed to achieve
MPSS

We should perhaps note that there may be
more than one P if alternate optima are present
in (5). This presents no problem because the
same optimal value for the sum of the As will be
applicable for all such alternate optima. How-
ever, as noted in Banker and Thrall (1992), the
situation for returns to scale may change if an
‘output-oriented’ version of the CCR model is
used. In important applications, it may therefore
be a good idea to use both the ‘input’ and the
‘output oriented’ versions of these models and
choose between them according to whether out-
put augmentation or input conservation is to be
emphasized.

4. Conclusion

A variety of strategies are evidently opened by
the preceding developments which can be used in
addressing returns-to-scale considerations. One
can, of course, use the two-stage approach de-
scribed in Fire, Grosskopf and Lovell (1985) with
its accompanying ‘strong’ or ‘weak disposal’ as-
sumptions. However, proceeding along the lines
described in the preceding section one can dis-
pense with these assumptions and one need not
assume that efficiency has first been achieved to
apply the CCR Returns to Scale Theorem given
in Section 2. There is yet another (third) ap-
proach via the BCC model described in Banker
and Thrall (1992) and modified in Banker, Bard-

han and Cooper (1996) to avoid the need for (a)
examining all alternate optima and (b) assuming
that efficiency has first been achieved in order to
use the BCC Returns to Scale Theorem (also
given in Section 2, immediately following (3.0),
above).

Examples like the following suggest some of
the possibilities.

Example 1. Arnold, Bardhan and Cooper (1995)
elected the CCR approach in a study of Texas
schools because not all members of the study
consortium were familiar with DEA. Hence it
seemed best to avoid issues involved in distin-
guishing between technical and scale efficiencies
when putting the study under way. A study of
returns-to-scale efficiencies could then be brought
forth, if desired, only at a later stage of this study
when others would be more familiar with DEA
and its uses 5.

Example 2. Banker, Conrad and Strauss (1986)
redid a study of North Carolina hospitals in order
to reexamine results from the earlier study’s use
of statistical regressions which found that con-
stant returns to scale prevailed. A use of the BCC
model for this purpose by Banker et al. made it
possible to take advantage of the distinctions
between technical efficiency, as treated in the
primal (1), and returns-to-scale inefficiency, as
treated in the dual (3), because this separation
could help to locate sources of differences in the
results obtained from these DEA and statistical
regression approaches.

These are only examples of the possibilities.
As should now be clear, either the CCR or BCC
model may be used when interest is only on as
whether returns to scale are increasing, decreas-
ing or constant in one or more DMUSs. Numerical
values, such as rates of return or scale elasticities,
may also be obtained as described in Banker and
Thrall (1992) and as interpreted and elaborated
in Cooper, Thompson and Thrall (1996).

5 we might also note that an examination conducted at a
later stage of this study found that returns-to-scale inefficien-
cies were small (as was conjectured) relative to much greater
amounts of technical inefficiency identified in the first study
stage for these schools (Bardhan, 1995).
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